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Abstract 

It is shown that certain quasi-free flows on the Cuntz algebra Oqo have the Rohlin 
property and therefore are cocycle-conjugate with each other. This, in particular, 
shows that any unital separable nuclear purely infinite simple C*-algebra has a 
Rohlin flow. 

1 Introduction 

We are concerned here with Rohlin flows; a flow a on a unital C*-algebra A is said to have 
the Rohlin property (or to be a Rohlin flow) if for any p G R there is a central sequence 
(u n ) in U(A), the unitary group of A, such that max| t |<! || Q; t (xA r ,,) — e ipt u n \\^0 as n^oo. 
A major consequence of this property can be paraphrased as any a-cocycle is almost a 
coboundary. This consequence, combined with enough information on U(A), may lead us 
to a classification theory of Rohlin flows up to cocycle conjugacy. This is a goal we have 
in mind (see H3 EE1 HIJ d). 

Since the property is rather stringent, it is not easy to present a Rohlin flow in general. 
But we managed to give Rohlin flows on the Cuntz algebra O n with n finite; moreover we 
can identify the quasi-free flows which have the Rohlin property. In this paper we show 
that certain quasi-free flows on have the Rohlin property. Hence it follows that any 
unital C*-algebra A with A = A <g> Ooo has Rohlin flows; the class of such A includes all 
unital separable nuclear purely infinite simple C*-algebras, due to Kirchberg. 
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We have left some quasi-free flows undecided whether they have the Rohlin prop- 
erty or not. But, as in [T7], we show that all the Rohlin flows on are cocycle conjugate 
with each other in the class of quasi-free flows. This is true for a wider class of flows. Not- 
ing that there is a certain maximal abelian C*-subalgebra of whose elements the 
quasi- free flows fix, we show that Rohlin flows are cocycle-conjugate in the class of flows 
which are C l+e on (see below for details and note that our terminology of quasi-free 
flows is restrictive). 

We will now describe the contents more precisely. 

For each n = 2,3, . . . the Cuntz algebra O n is generated by n isometries s\, S2, ■ ■ ■ , s n 
such that ^22=i s k s l = 1- For n = oo the Cuntz algebra is generated by a sequence 
(si, S2, . . .) of isometries such that J^ =1 SkS* k < 1 for all n. It is shown in |6j that O n with 
n = 2, 3, . . . or n = oo is a simple purely infinite nuclear C*-algebra. 

For a finite (resp. infinite) sequence (p±,P2, ■ ■ ■ ,Pn) in R we define a flow a, called a 
quasi-free flow, on O n (resp. O^) by 

a t (s k ) = e ipkt s k . 

(In the case n = oo, a more general flow can be induced by a unitary flow U on the 
closed linear subspace TC spanned by s±, S2, ■ ■ ., where the inner product (■ , •) is given by 
y*x = (x,y)l, x,y G TC, if the generator of U is not diagonal. But we will exclude them 
from the quasi-free flows in this paper.) It is known in ^TJ|^] that if Pi,P2, ■ ■ ■ generate R 
as a closed subsemigroup, then the crossed product O n x a R is simple and purely infinite 
(whether n is finite or infinite). It is also known in ^3 E5] that if n is finite, the flow a 
has the Rohlin property if and only if x a R is simple and purely infinite. For n = oo, 
it is known in fl] that if a has the Rohlin property then x Q R is simple and 
purely infinite. In this paper we shall give a partial converse to this fact: 

Theorem 1.1 Let (pj,) be an infinite sequence in R such that Pi,P2, ■ ■ ■ ,Pn generate R 
as a closed subsemigroup for some n. Then the quasi-free flow a on defined by 
ott{sk) = e %Pkt Sk has the Rohlin property. 

We shall prove that each at is a-invariantly approximately inner, i.e., for each t G 
R there is a sequence {u n ) in U(Ooo) such that a t (x) = lim Adw n (x), x G Coo and 
max s g[ ,i] ||a s (« n ) — u n \\— +0. Then we would get the above theorem, by [1111201, from the 
fact that Ooo x a R is simple and purely infinite. 

Let E n be the C*-subalgebra of = C*(si, S2, ■ ■ .) generated by si, S2, ■ ■ ■ , s n . Then 
S n is left invariant under a and the union M S n is dense in O^. Hence, to prove the asser- 
tion in the previous paragraph, it suffices to show that a\S n is a-invariantly approximately 
inner for all large n. Let us state formally: 

Proposition 1.2 Let s\, s^, ■ ■ ■ ,s n be isometries such that 

n 

^2 s ks* k $ i 

k=i 
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and let S n be the C* -algebra generated by these s±, . . . , s n . Let (pi,P2, • • • ,p n ) be a finite 
sequence in R such that pi,...,p n generate R as a closed subsemigroup and define a 
quasi-free flow a on S n by ctt(sk) = e ipkt Sk- Then each at is a-invariantly approximately 
inner. 

To prove this we use the following facts. Let J n be the ideal of S n generated by 
e° n = 1 — Ylk=i s k s l- Then J n is isomorphic to the C*-algebra fC of compact operators 
(on a separable infinite-dimensional Hilbert space) and is left invariant under a. The 
quotient £ n / J n is isomorphic to O n by mapping Sk + J n into Sk (the latter s^'s satisfy the 
equality Y^k=i s k s t = 1 an d generate C n ). By the assumption on (p k ) the induced flow 
d on O n has the Rohlin property |19j . from which follows that each a t is a-invariantly 
approximately inner. We will translate this property to a t on £ n by using the fact that 
J n = 1C. See Section 3 for details. 

Before embarking on the proof of the above proposition, we will have to prove that if 
a is a Rohlin flow on O n , then each a t is not only a-invariantly approximately inner but 
also a-invariantly asymptotically inner, i.e., there is a continuous map u : [0, oo)— >U{O n ) 
such that a t (x) = lim s ^oo Adu(s)(x) for x G O n and max tie [ 0j i] \\a tl (u(s)) — u(s)\\^0. 
This will be proved for a wider class of C*-algebras fsee I2.2l for details). (As a matter of 
fact we do not know of a single example of a without the above property of a-invariant 
asymptotical innerness if it has covariant irreducible representations; we expect that this 
property holds fairly in general whether it has the Rohlin property or not.) 

As a corollary to the above theorem we get that any purely infinite simple separable 
nuclear C*-algebra has a Rohlin flow; because such a C*-algebra A satisfies that A = 
A ® Cqo due to Kirchberg (see ||) and a flow a on induces a flow on A via id ® a on 
A ® Ooo which has the Rohlin property if a has. 

Let Coo denote the C*-subalgebra of Coo generated by s^s^ ■ ■ ■ Si k s* ■ ■ ■ s* with all 
finite sequences (ii, . . . , i^) in N. Then Coo is a weakly regular maximal abelian 
C*-subalgebra of {weakly regular in the sense that {u 6 7 ? X(C? 00 ) | uu*,u*u G 
Coo, uCooU* = CoqUU*} generates Coo, where PX(C 00 ) is the set of partial isometries 
of Coo)- Moreover there is a projection of norm one of Coo onto Coo and there is a charac- 
ter of Cqo which extends uniquely to a state of Coo- (When a weakly regular masa satisfies 
these two additional conditions, we will say that it is a weak Cartan masa.) We note that 
if a is a quasi-free flow (in our sense) then a t is the identity on Cx,; in other words, if S a 
denotes the generator of a, then D(6 a ) D Coo and S a \Coo = 0. We consider the following 
condition for a flow 7 on Cqo: D(5 y ) D and sup xeCoo iuii<i ||(7* — id)<$ 7 (x)|| converges 
to zero as t— >0; which we express by saying that 7 is C 1+e on Coo below. This is obviously 
satisfied if 7 is C 2 on Coo or D{5 2 ) D (because then ^|Coo is bounded). 

We will also show: 

Corollary 1.3 Any two Rohlin flows on Cqo are cocycle conjugate with each other if they 
are C l+e on Coo. 

The proof consists of two parts. In the first part we show that if the flow 7 is C 1+e on 
Cqo then <5 7 |Coo is inner, i.e., there is an h = h* G Coo such that <5 7 (x) = adih(x), x G Cqo 
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fsee 15 .6|) . Thus we can assume, by inner perturbation, that £ 7 |Coo = 0. In the second part 
we show that any two Rohlin flows are cocycle-conjugate with each other if they fix each 
element of (see 15. 11 J) . 

Acknowledgement. One of the authors (A.K.) visited at Australian National University in 
March, 2004 and at University of Oslo in August-September, 2004 during this collaboration. He 
acknowledges partial financial supports from these institutions. 

2 Rohlin property 

In this section we consider the class of purely infinite simple nuclear separable C*-algebra 
satisfying the universal coefficient theorem, which is classified by Kirchberg and Phillips 
[3 EI] i n terms of K-theory. 

Let A be a unital C*-algebra of the above class. Let £°°(A) be the C*-algebra of 
bounded sequences in A and let, for a free ultrafilter uj on N, c^A) be the ideal of £°°{A) 
consisting of x = (x n ) with lim^ ||x n || = 0. If a is a flow on A, i.e., a strongly continuous 
one-parameter automorphism group of A, we can define an action of R on £°°(A) by 
t i— > (a t (x„)) for x = (x n ). Let £™(A) be the maximal C*-subalgebra of £°°(A) on which 
this action is continuous; we will denote this flow by a. We set 

A" = £°°(A)/ CuJ (A), Al = t a {A)/c„{A). 

We embed A into £™{A) by constant sequences. Since A fl Cw(-A) = {0}, we regard A as 
a C*-subalgebra of A^ C A". 

We recall the following result [TBI ED! : 

Theorem 2.1 Let A be a unital separable nuclear purely infinite simple (T-algebra sat- 
isfying the universal coefficient theorem and let a be a flow on A. Then the following 
conditions are equivalent. 

1. a has the Rohlin property. 

2. {A' n A£) a is purely infinite and simple, K ((A' H A£) a ) = K (A' n A w ) induced by 
the embedding, and Spec(a|A' fl A^) = R. 

3. The crossed product Ax a R is purely infinite and simple and the dual action a has 
the Rohlin property. 

4- The crossed product A x a R is purely infinite and simple and at is a-invariantly 
approximately inner for every to G R. 

If the above conditions are satisfied, it also follows that Ki((A' fl A^) a ) — K\(A' fl A u ), 
which is induced by the embedding. 
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In the last condition of the above theorem, a 4o (for a fixed to) is a-invariantly ap- 
proximately inner if there is a sequence (u n ) in U(A) such that a to = limAdii n and 
max te [ 0j i] ||a t (M n ) — u n \\— >0. We will strengthen this condition as follows. 

Lemma 2.2 Let a be a Rohlin flow on a unital C* -algebra A of the above class (or 
in particular O n ). Then each a to is a-invariantly asymptotically inner, i.e., there is a 
continuous map u : [0,oo)^U(A) such that att = lim^oo Adw(s) and 

lim max ||a t (w(s)) — u(s)\\ = 0. 
s^oo te[o,i] 

Proof. Since KK(a to ) = KK (id), a to is asymptotically inner j2Hj, i.e., there is a continu- 
ous map v : [0, oo)^U(A) such that 

a to = lim Adw(s). 

s — >-oo 

Let w(s,t) = v(s)a t (v(s)*), s G [0, oo), t G R. Then for each s G [0, oo), the map 
t i— > w(s,t) is an a-cocycle, i.e., t \— > w(s,t) is a continuous function into U(A) such that 
w(s, t\ + £2) = w(s, t\)a tl (w(s, t 2 )), ti, t 2 G R. Since for each x G A, 

\\[w(s,t),x]\\ < \\Adv(s)(a- to - t (x)) - ct-t{x)\\ + \\Adv(s)(a- to (x)) - x\\. 

we get, for any T ^> and for any x G A, that 

sup ||[w(s, t), x]\\— >0 

0<t<T 

as s— >oo. 

More specifically let T be a finite subset of A and e > 0. Then there exists an a > 
such that if s > a, then ||Ad i>(s)(a_i _i(x)) — a_ t (x)|| < e/22 for 1 G J and t G [0, T], 
which entails that || [w(s, t), x] \\ < e/11 for x G T and t G [0,T]. 

Furthermore, for any bounded interval I of [0,oo), there is a continuous map z : 
/ x [0,T]->W(A) such that 

z(s,0) = 1, 
z(s,T) = w(s,T), 
ll^^ti) -<s,t 2 )|| < (16^/3 + 6)1^-^1/^ 
||[z(s,t),x]|| < 10e/ll, x G T, 

for s6l and t,t\,t 2 G [0, T]. (Here we used the estimate for a particular construction of 
z(s, t) that 

||[z(s, t),a;HI < 9 max II \w(s, £1), d II + e' 
o<<i<r 

for any e' > 0; see j21j or 2.7 of [TH] .) By using this z, we get a continuous map U : J— >W (A) 
such that 

|Ks,t)-t/(s)a t (t/(s)*)|| < 6n\t\/T + e, 
\\[U(s),x}\\ < e, iGf, 
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where we have assumed that 167r/3 + e < 6tt. 

We recall how U T {s) = U(s) is defined jH]. We define a unitary U T in C(R/Z) (g> A 

by 

C/ T (t) = iy(s,Tt)o! T ( l _i)(^(s,rt)*), 

where R/Z is identified with [0, l]/{0, 1} and zr(s,t) = z(s,t) is defined above, and we 
embed C(R/Z) ® A into A approximately by using the Rohlin property. (If r is the flow on 
C(R/Z) induced by translations on R/Z, then \\l®w(s, t) -U{r t/T ®a t )(U*) \\ < Qn\t\/T. 
We find an approximate homomorphism of C(R/Z)®^4 into A such that <fio(r t /T®ott) ~ 
«i0 and 0(1 (g> x) ~ x, x G A.) Since is defined in terms of w(s, t), t G [0,T] and 
other elements which almost commute with them, we may assume that S G [0,T]— >z$ is 
continuous; hence that S G [0, T]— >Us G W(C(R/Z) (g> A) is continuous. Note also that 
Us commutes with any element to the same degree as Ut does with it. Since U = 1, we 
may thus assume that there is a continuous path (U t , t G [0, 1]) in the space of continuous 
maps of / into U(A) such that U (s) = 1, Ui(s) = U(s), and ||[[/ t (s), x]|| < e, x G T . 
Then we set V\{s) = U(s)*v(s) for s G /, which satisfies that 

\\Advi(s)(x) - a to (x)\\ < 2e, x G a_t (^ r ), 
max ||cKt(v i(s)) — i>i(s) II < 67r/T + e. 

0<<<l 

Thus we have shown the following assertion: For any finite subset T of A and e > 0, 
there exists an a G [0, oo) such that for any compact interval I of [a, oo) we find a 
continuous Vi : I x [0, 1]— ►W(A) such that 

||Adw/(s,t)(x) - a to (x)\\ < e, x G J 7 , (s, t) G J X [0, 1], 

and 

«/(s,0) = u(s), s E I, 

max ||ai+(i;/(s, 1)) — i>r(s, 1)11 < e, s G I, 

0<i<l 

where t> : [0, oo)— >U(A) has been chosen so that a to = lim s ^ 00 Adv(s). 

Let (J 7 n) be an increasing sequence of finite subsets of A such that [j n T n is dense in A 
and (efc) a decreasing sequence in (0, oo) such that lim^ e k = 0. We choose an increasing 
sequence (a*.) in (0, oo) such that if J is a compact interval of [a&,oo) then there is a 
continuous v : I x [0, 1]— >W(A) such that the above conditions are satisfied for T = T k 
and e = e k . 

Let ao = and I k = [a k , ajt+i] for = 0, 1, 2, . . .. For each = 1,2,... we choose 
v k : Ik x [0, 1]— >ZY(A) for jF fc and e& as above and define t> o : Io X [0, 1]— >W(A) by t>o(s, t) = 
v(s), s G Jo- If Wfc-i(ofc) = v k (a k ) for A; = 1,2, . . ., we would be finished by defining a 
continuous function v : [0, oo)— >U{A) with the desired properties in an obvious way. But 
note that v k (a k )v k _i(a k )* is connected to 1 by a continuous path (w k (s), s G [0, 1]) such 
that w k (0) = 1, w k (l) = v k (a k )v k -i{a k )* , and 

||[w fc (s),x]|| < 2e fc _i, x G a 4f) (Jfc-i) 
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for s G [0, 1]. By modifying the path Wk{s), s G [0, 1], we have to impose the condition 
that max < t <! \\a t (wk(s)) — iu&(s)|| is small; then the path s i— > Wk(s)vf.-i(s) connects 
Ufe-i(ajfc) with ujfc(ajfc) and has the desired property with respect to a. Thus it suffices to 
prove the following lemma by assuming that (a to (J-'k))k is sufficiently rapidly increasing 
and (e&) is sufficiently rapidly decreasing. □ 

Lemma 2.3 For any finite subset J 7 of A and e > i/iere ercisi a finite subset Q of A and 
5 > satisfying the following condition: If a continuous v : [0, 1]— >U(A) satisfies that 

v(0) = 1, 
||[u(s),x]|| < 5, s G [0, 1], x G G, 
K(t;(1))-t;(1)|| < 5, te[0,l], 

then there exists a continuous u : [0, 1]—^U(A) such that 

w(0) = 1, 

u(l) = v(l), 

||[w(s),a;]|| < e, s G [0, 1], iGJ 7 , 

||at(«(s))-«(s)|| < e, t G [0,1], se [0,1]. 

Proof. Suppose that v satisfies that v(0) = 1, and 

\\[v(s),a- t (x)}\\ < 5, xeG, te [0,1], 
max ||at(i;(l)) — v(l)\\ < 6. 

0<t<l 

We define w(s, t) = v(s)a t (v(s)*). Then t \— > w(s,t) is an a-cocycle for each s G [0, 1] and 
satisfies that u>(0, t) = 1, and 

max || \w(s, t), x] \\ < 25, 

0<t<l 

max \\w(l, t) — 1|| < 5. 
o<t<i 1 

From the latter condition there are b,h G A sa such that 6 w 0, h ~ 0, and io(l, t) = 
e l6 ^ /l ^at(e _l6 ), where is a differentiable a-cocycle such that dzt/dt\ t =o = ih [15]. By 
connecting the a-cocycle t i— > w(l, t) with the trivial a-cocycle 1 by the path of a-cocycles 
sn(tH e lsh z\ sh ^ a>t(e~ lsh )) and squeezing it around 0gT = R/Z, we get an a-cocycle W 
in C(T) ® A with respect to the flow id <g> a such that W(0, t) — 1 and t) ~ w(s, t). 
Hence it suffices to show the following lemma, because then we find a unitary Z G C(T)®A 
with appropriate commutativity such that Z(0) = 1 and W( ■ ,t) ~ Zat(Z)*, and replace 
u by the path s i— > Z(s)*v(s) which are almost a-invariant and moves from v(0) = 1 to 
v(l). □ 
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Lemma 2.4 For any finite subset T of A and e > there exists a finite subset Q of A 
and S > satisfying the following condition: Let a = id <8> ci be the flow on C(T) ® A and 
let t i-> W t be an a-cocycle such that W t (0) = 1 at G T = [0, l]/{0, 1} and 

max \\\W t , 1 <g> xlll < S, xeQ. 

0<t<l 

Then there exists a unitary Z in C(T) ® A swc/i i/iai Z(0) = 1 and 

|| [Z, l®a;] || < e, x e J 7 , 
max II - Za t (Z*)\\ < e. 

0<t<l 

Proof. We just sketch the proof; see ^1] or the first part of the proof of 12. 21 for details. 

To meet the last condition we choose T G N such that T _1 < e/6n. Then we impose 
the condition that max <t<i \\[W t , 1 <8> a;]|| < 5/T for x G U-r<t<o a *(^ r )' which can be 
replaced by a finite subset because it is compact. Since max <t<T \\[Wt, 1 ® x]\\ < 6, we 
find a continuous path (U t , t G [0,T]) in U{C(T) ® A) such that U = 1, U T = W T , 
U t (0) = 1, ||[/ tl - C/ t2 || < 67r|ti - t 2 \/T, and ||[E7 t ,2c]|| < 95. By using W and U and 
the Rohlin property for a, we define a unitary Z G C(T) ® A such that Z(0) = 1, 
max < t <i || W t - Za t {Z*)\\ < e, and \\[Z, l®x}\\ < 105, 16 J 7 . □ 

We also give the following technical results which will be used in the next section. We 
assume that a is a Rohlin flow on A as before. 

Lemma 2.5 For any finite subset T of A and e > there exists a finite subset Q of A 
and S > satisfying the following condition: If (u(s), s G [0, 1]) is a continuous path in 
U(A) such that 

||[m(s),x]|| < 5, xeQ, 
max \\at(u(s)) — u(s) \\ < 5, sG [0,11, 

0<t<l 

then there exists a rectifiable path v(s), s G [0, 1] such that v(0) = u(0), v(l) = u(l), 

|| [f (s),x]|| < e, x G J 7 , 
max^\\a t (v(s)) — v(s)\\ < e, s G [0,1], 

and the length of the path v is less than 17n/3. If T — 0, then Q = is possible. 

Proof. Without the conditions with respect to a, this is shown in |24j . 

To define v we use certain elements of A which almost commute with u(s), s G [0, 1]. 
They are a certain compact subset of O^, which is then embedded centrally in A in |24j . 
by using a result due to Kirchberg and Phillips. In the present case, to meet the condition 
of almost a-invariance, those elements embedded in A should be almost invariant under 
a. For this we use the fact that {A' fl A^) a is purely infinite and simple [THj. 
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Explicitly we assume that those elements of Ooo = C*(si, s^, ■ ■ .) (before the embed- 
ding into A) is in the linear subspace spanned by a finite number of monomials in si, . . . , s& 
and their adjoints for some k. We find a finite sequence (Ti, . . . , T^) of isometries in 
(A'riv4^) a such that 5^i=i^i^T ^ 1- Each Tj is represented by a central sequence (ti(m)) 
of isometries in A such that J2i=i ti(m)ti(m)* ^ 1 and max tG [ ,i] \\a t (ti(m)) — ti(m)\\^0 as 
m^oo. We then express those elements in terms of ti(m), . . . , tfc(m) in place of s%, . . . , Sk 
respectively for a sufficiently large m. Thus we get the required condition involving a. □ 

We will denote by d~ a the generator of a, which is a closed derivation from a dense 
*-subalgebra D(S a ) into A. See jHll2ll2Zj for the theory of generators and derivations. 

Lemma 2.6 Let (u(s), s G [0, oo)) be a continuous path in U{A) such that 



converges to zero as s^oo. Then there is a continuous path (v (s), s G [0, oo)) of unitaries 
such that v(s) G D(5 a ) and S a (v(s)) and u(s) — v(s) converge to zero as s-^oo. 

Proof. Let / be a non-negative C°°-function on R of compact support such that the 
integral is 1. We set 



where b : [0, oo)— >(0, oo) is a continuous decreasing function such that lim s b(s) = 0, 
\\z(s) — u(s)\\ < 1, and \\z(s) — u(s)\\— >0. Then it follows that z(s) G D(5 a ) and 



which converges to zero as s— >oo. We set v(s) = z(s)\z(s)\ 1 , which satisfies the required 



Lemma 2.7 For a finite subset T of A and e > there exists a finite subset Q of A 
and S > satisfying the following condition. Let u be a unitary in C[0, 1] ® A such that 
u(0) = 1, u(t) G D(5 a ), \\5 a (u(t))\\ < 5, and \\[u(t),x]\\ < 5, x G Q. Then there exist an 
hi G D(8 a ) fl A sa for i = 1, 2, . . . , 10 such that 



max \\at(u(s)) — u(s 

0<t<l 





conditions. 



□ 



u(l) = e ihl e ih2 ■ ■ ■ 

\\hi\\ < 7T, 

\K(hi)\\ < e, 

< e, x G T. 




If T ' = 0, then Q = is possible. 
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Proof. We may assume, bv 12.51 that the length of the path u is smaller than 177r/3 < 18. 
Then we choose < si < s 2 < ■ ■ ■ < s 9 < 1 such that ||u(si) — w(sj_i)|| < 9/5 < 2 for 
i — 1, 2, . . . , 10, where so = and sio = 1. Note that 

u(l) = w(s q )*m(si) • m(si)*m(s 2 ) • • •m(s 9 )*m(si ). 

Since — 1|| < 9/5, the spectrum of u(si-\)*u(si) is contained in 

S = {e id | \6\ < 9 }, 

where 8o = n — 2cos~ 1 (9/10) < n. Let Arg denote the function e t6 i— > from S 1 onto 
the interval (— 6> , #o) an d set foj = Arg(u(s i _ 1 )*w(s i )). Then we have that ||/^|| < 7r and 
u(l) = e lhl e lh2 ■ ■ ■ e thl ° . We shall show that these hi satisfy the other conditions for a 
sufficiently small 5 > 0. 

In general if v is a unitary with Spec(t> ) C S, then h = Arg(v ) can be obtained as 

h = - — : ® (log z)(z — v)~ x dz. 



2ixi 



c 



where log z is the logarithmic function on C \ (— oo, 0] with values in {z | |^| < tt} and 
C is a simple rectifiable path surrounding S in the domain of log. We fix C and let r be 
the distance between C and S. Since 

<5 Q 0) = <f log z(z - v)' 1 5 a (v)(z - v)~ x dz, 

we have the estimate 



c 



11^(^)11 < (27r)- 1 A/|C|r- 2 ||^(^)||, 

where M is the maximum of | logz|, z G C and |C| is the length of C. Similarly we have 
the estimate ||[M]|| < (2ix)- 1 M\C\r- 2 \\\v,x}\\ for any x e A. (See for details.) 
Thus we get the conclusion. □ 



3 Proof of Proposition 11.21 

We recall that £ n = C*(sx, . . . , s n ), where si, . . . , s n are isometries such that e° = 1 — 
X)fc=i s fc s fc ^ s a non-zero projection, and that J n is the ideal of £ n generated by e°. Let 
5 = {1, 2, . . . , n}* denote the set of all finite sequences including an empty sequence, 
denoted by 0. For / = i 2 , . . . , i m ) G S with m — \I\, we set s/ = s^s^ ■ ■ ■ s im , where |/| 
is the length of J; if |/| = or I = 0, then sj = 1. It then follows that {sje n s*j \ I, J G S} 
forms a family of matrix units and spans J n . Thus, in particular, J n is isomorphic 
to the C*-algebra K, of compact operators (on an infinite-dimensional separable Hilbert 
space). Hence there is a unique (up to unitary equivalence) irreducible representation 7r 
of £ n such that iro\J n is non-zero or 7r (e°) is a one- dimensional projection. We call this 
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representation the Fock representation and denote by Ho the representation Hilbert space 

of 7T . 

We recall that the flow a is defined as a t (sk) = e %Vht s k for k = l,2,...,n. For 
I = (ii,...,i m ) G S let p(I) = YlT=iPik e R We set H o = Zl/esP^Ws/enSj), 
which is a well-defined self-adjoint operator on Ho- Then it follows that Ade ttH °Tc (x) = 
7i a t (x), x G £ n and, by the assumption on p±, . . . ,p n , that the spectrum of H is the 
whole R. Note that £ n / ' J n = O n = C*(si, . . . , s n ), where s k = sj, + Jn] we will later on 
denote s k by s^. Note also that a induces a flow on O n , which we will also denote by a. 
We will denote by Q the quotient map of £ n onto O n . 

Lemma 3.1 For any h G (O n ) sa fl D(5 a ) and e > there exists ab G (5 n ) sa nD((5 Q ) snc/i 
«/ia« (5(6) = h, \\b\\ < \\h\\ + e, and \\S a (b)\\ < \\S a (h)\\ + e. 

Proof. Since Qa< = «tQ on £^ n , it follows that (1 + S^^Q = Q(l + Sa)" 1 , which implies 
that Q(D(S a )) = D(5 a ). (We will use the same symbol S a for the generator of a\£ n and 
of a\O n .) 

Thus, for any h as above, there is a b G (£„) sa fl D(5 a ) such that Q(6) = /i. By 
C°°-functional calculus we may suppose that ||6|| < \\h\\ + e. 

Since Hq is diagonal, there exists an approximate identity (pt) for J n consisting of 
projections in J n fl D(S a ) such that S a (pk) = 0. Since Q(pk) = 0, we may replace b 
by (1 - p k )b(l - p k ). We choose a p fe such that ||(1 - Pk)S a {b)(l - < ||5 Q (^)|| + e 
(since ||Q((Ja(6))|| = \K(h)\\ = lim fc ||(1 - p fe )5 Q (fc)(l - p fc )||). Then it follows that h = 
(1 — pk)b(l — pk) belongs to (£ n )sa H D(5 a ) and satisfies that ||&i|| < ||6|| < \\h\\ + e and 

\\6MW = - Pk )5 a (b)(l - Pk )\\ < \\5 a (h)\\+e. 

Thus bi satisfies the required conditions. □ 

Lemma 3.2 For any finite subset T of £ n and e > there exists a finite subset Q of O n 
and 5 > satisfying the following condition: If h G (O n ) sa fl D(5 a ) such that \\h\\ < tt, 
\\S a (h)\\ < 5, and \\[h,x]\\ < 5, x G Q, then there is a b G (£ n ) sa H D(5 a ) such that 

Q(b) = h, 
\\b\\ < vr + e, 

ll*a(6)|| < e, 
|| [b, x] || < e, xef, 
= 0. 

Proof. Note that in the above statement we may allow T and Q to be compact subsets 
instead of finite subsets. 

Note that £ n is nuclear as well as O n and J n . Let T > be so large that tt/T < e/2. 
Since JF X = U-t<*<t Q; t(^ : ') i s compact, there is a w = (w 1 , . . . ,wk) G M 1K (£ n ) for some 
KgN such that to* = 1 and 

||[it?xit7*, a]|| < (e/7r)||x||, x G £ n , 
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for any a G J^i, where wxw* = J2 i=i WiXW* . Note that x i— > wxw* is a kind of unital 
averaging map of A into A (this is due to Haagerup jH]; see also We set Q = 

{Q(a t {wi)) | i — 1, 2, . . . , K, \t\ < T}, which is a compact subset of O n . Let 5 G (0, e/2) 
and let /i G (0„) sa H D(5 a ) be such that < ir, \\S a (h)\\ < 6, and < 8, x G Q. 

We assume that 5 > is so small that we get 

\\Q(a t (w))hQ(a t (w)) - h\\ < e, t G [— T, T]. 

Let 6 G (£ n ) sa n D(5 a ) be such that Q(b) = h, \\b\\ < ir, and ||<J a (&)|| < S. 
We define 

1 f T 

bl = 2T J a tV w ) ha t\ w )*dt. 

Then it follows that ||&i|| < tt and ||<5(&i) — h\\ < e. It also follows that b\ G {S n ) sa H 
-D(<5 Q ) and 

1 f T 

S a (b{) = (2T) 1 (a T (w)6a T (u;)* - a^ T (w)ba_ T (w)*) + — y a t (w)5 a {b)a t {w)*dt, 

which implies that ||5 a (&i)|| < tt /T + 5 < e. 

Let a e J 7 . Since || [a t (w)6Q;t(w)*, a] || = || [-u;a:_j (6) u;*, a_ 4 (a)] || < (e/7r)||6|| < e for 
t G [— T, T], we get that ||[&i,a]|| < e, a G T. 

To meet the condition b\e° n = 0, let (jo^) be an approximate identity for J n in J n fl 
-D(<5 a ) such that p k > e°, S a (p k ) = and || [p k , x] \\— >0 for all x G £ n . We replace b x by 
(1 — pkjbiil — pk) for a sufficiently large k. 

In this way we get a 6 G (^ n ) sa fl-D(5 Q ,) which satisfies all the required conditions except 
for Q(b) = h; instead of which we have that ||Q(&) — h\\ < e. By the previous lemma, 
since \\S a (Q(b) — h)\\ < e + 5, we get a c G (S n ) sa fl D(5 a ) such that Q(c) = h — Q(b), 
\\c\\ < e, and ||<5a(c)|| < e + 6. We may also require that ce° n = 0. Thus we can take b + c 
for b, which satisfies the required conditions if we start with a smaller e. □ 

Fix t G R. We choose, by 12. 21 and 12.61 a continuous u : [0, oo)— >U{O n ) fl D(5 a ) such 
that a to = lim^oo Adw(s) and lim^oo 5 a (u(s)) = 0. Since the unitary group of O n is 
connected, we may suppose that u(0) = 1. 

Let (J-'k) be an increasing sequence of finite subsets of £ n such that the union Ufc-^ * s 
dense in £ n and (e k ) a decreasing sequence of positive numbers such that ^2 k e k = e<f 
We choose, bv K12| Q k = Q and 5 k = 5 for T = T k and e = e k . We may suppose that {Q k ) 
is increasing and (5^) is decreasing to zero. 

For the above continuous map u : [0, oo)^-U (O^nD^a), we will choose an increasing 
sequence (s k ) in [0, oo) with s = such that \\5 a (u(s k )*u(s k+ i))\\ is sufficiently small for 
k > and u(s k )*u(s k+1 ) is sufficiently central for k > 1. Specifically, bv 12.71 we assume 
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that u(sk)*u(sk+i) has the following factorization: 

u{s k )*u{s k+1 ) = e ihk - l e ihk < 2 ---e ihk - w , 
\\h k i\\ < 7T, 

||5a(^fci)|| < fa, 

\\[h ki ,x]\\ < S k , xeQ k , 

where Go = 0. Then bv 13 .21 we choose b k i € (S n ) sa H D(5 a ) such that 

Qipki) = hki, 

\\bki\\ < 7T + € k , 
||*a(6iw)|| < €k, 

\\[bki,x]\\ < ejfc, x e F k , 
7i (b ki )flo = 0, 

where JF = and f2o is a unit vector in TCo such that 7r (e°)fio = ^o- 

We set w = 1 and lift u(sjfc) = w(sjj,_i) • w(sfe_i)*ii(s&) for > 1 to a unitary in 
£ n fl D(8 a ) as 

It then follows that Ad w k converges on S n as k—>oo and Qo (lim Adwfc) = a to oQ. When 
we choose Q k and 5 k , we should choose them for JF = jF fe U Adw^_ 1 (jF fc ) and e = e^, 
which will make sure that Adwl also converges. In this way we have (3 = limAdu^ as 
an automorphism of £ n , which satisfies that 

(3 o Q = Q o a to . 

Since ||at(it?fe) — w k \\ is dominated by 

10 

KK-i) - + ll«*(e^') - ||, 

3=1 

and since ||a t (e l6 ^') — e lhk ^\\ < \\S a (b k j)\\\t\ < e k \t\, we get that 

\\a t {w k ) - w k \\ < \\a t (w k -i) - i0*-i|| + 10e fc |t|. 
Thus if |i| < 1, then it follows that 

k 



\\a t (w k ) - w k \\ < 10j2^i < 10e. 



In the Fock representation 7r , since 7ro(iUfc)fio = Oo, we have that 

7i"o(>fc)7ro(x)fio = vr (Ad«; fc (a;))^o 
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converges strongly to n (P(x))flo for any x G £ n . Hence n (wk) converges strongly to 
a unitary, which we will denote by W. Note that AdWir (x) = n (3(x), x G £ n and 

wn = n . 

As we have remarked before, the unitary flow Ut = e ttH ° implements a in 7To, where 
H = ^ /G5 p(/)7ro(s/e n s}). Since \\UtTTo(wk)U£ — 7To(wfe) || < 10e for \t\ < 1, we obtain 
that 

\\U t WU* -W\\< lOe, t G [-1,1]. 

We also have that 

tto/T 1 ^ = Ad(W*U t WU t *)ir a t . 

On the other hand, (3~ l atf3 is obtained as the limit of Ad(wla>t(wk))at, which implies 
that 

K-ZT^II <20e, te [-1,1]. 

Hence there exists an a-cocycle u in £ n such that Ad u t a t = (3~ l a t [3 and maxt 6 [_x,i] \\v>t— 1|| 
is at most of order of 400e (see p. 296 of (£]). Combining the observation in the previous 
paragraph and noting that 7r is irreducible,, this implies that 

7r (t0 = c{t)w*u t wu; 

for some constant c(t) G T. Then it follows by simple computation that c(t) = e ipt 
for some p G R. Thus we know that t i— > U t WU^ is continuous in norm and that 
W*U t WUl G 7r (£ n ). Since QAdu t a t = AdQ{u t )a t Q = a t Q on £ n , we also have that 
Q(ut) G CI C O n , which implies that 

W*U t WU; En (Jn + Cl). 

Since any automorphism of £ n is weakly inner in 7To, there is a unitary 7 on Ho such 
that Ad77r = nQ(3~ 1 a to . Since the vector state of £ n defined through Q is left invariant 
under by /3 _1 a to , we may define 7 by Vtt (x)Q = 7r (/? _1 a io (:r))f2 , x G £ n . Since 
Q/3 _1 a to = Q, we have that [V, 7r (a;)] G /C(7i ) for x G £ n . Regarding 7 G M(J n ), the 
multiplier algebra of jT n which identifies with B(TC ) through 7r , and £ n C M(J n ), we 
have that fi- x a$ = Ad{VU t V*U*)a t . Since (5~ x aS = Ad(W*U t WU;)a t from above and 
VU t V*U*n Q = tt = W*U t WU?tt , we have that 

VU t V*U* = W*U t WU*, t g R, 

which implies that 1 1— > UtVU^ is norm-continuous and 

||c/ t 7[/ t * - v|| = lltwc/; - w||. 

In particular we have that 

max \\U t VU* - 711 < 10e. 
*e[o,i] 

Let us denote by M(J n ) a the C*-subalgebra consisting of x G M(J n ) such that t i— »■ 
a* (a;) = UtxU* is norm-continuous. Summing up the above we have shown: 
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Lemma 3.3 Let (p±, . . . ,p n ) be a finite sequence in R and define a quasi-free flow a on 
£ n = C*(s 1 , ...,s n ) by 

a t ( Sj ) = e^Sj. 

Suppose that pi, . . . ,p n generates R as a closed sub semigroup. (Hence the flow a on the 
quotient O n induced by a has the Rohlin property and each a t is a-invariantly asymptot- 
ically inner.) 

Fix to G R. For any e > there exists an automorphism (3 of £ n , a sequence (wk) in 
U(£ n ), and a unitary V G M(J n ) a such that t \— > V*a t (V) G J n + CI is an a-cocycle, 

Q(v) g (o n y, 

Qf3 = Qa t0 , 
p-'at, = AdV, 

(3 = limAdtUfc, 

k 

max \\a t {w k ) - w k \\ < e, 
|t|<i 

max lla+fV") — V\\ < e, 

where Q denotes the quotient map of M(J n ) onto M{J n ) / ' J n , which maps £ n onto O n . 

To show that a to is a-invariantly approximately inner, we have to approximate f3~ l a tQ 
by Adf, where v is a unitary in J n + 1 which is almost a-invariant. We will use the 
following result whose proof we will postpone to the next section. 

Lemma 3.4 For any e > there exists a 5 > satisfying the following condition: Let 
V G M(Jn) a be a unitary such that Q(V) G (O n )' and 

max ||at(V) — V\\ < 5. 

\t\<i 

Then there exists a rectifiable path (V s , s G [0, 1]) inU(M(J' n ) a ) such that Vq = 1, V\ = V , 

\\KQ<y.)) - Q<y.)\\ < e, 

sup max Ha^Vg) — K|| < e, 
se[o,i] I'l- 1 

where A is the unital endomorphism of M(J~ n )/ ' J n defined by 

n 

X(x)=Y t Q(s i )xQ(8 i )*. 

i=l 

The following is a key lemma for the proof of Proposition 11.21 
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Lemma 3.5 For any e > there exists a 5 > satisfying the following condition: If V 
is a unitary in M(J n ) a such that (3 = AdV is an automorphism of S n , Q(V) G {O n )' , 
and max| t |<i Ha^V") — V\\ < 5, then there is a unitary v in J n + 1 such that 

\\(3{si) - vSiV*\\ < e, £ = 1,2, ...,n, 

max \\a t (v ) — v\\ < e. 
|t|<i 

Proof. We define a non-unital endomorphism A of M(J n ) a by X(x) = J2i=i s i xs i- Note 
that QX = XQ, where the latter A is the unital endomorphism defined in 13.41 

Let e > 0. We choose 5 > so small that we find a continuous path (V s , s G [0, 1]) in 
M(J n ) a such that V = V,Vx = 1, ||A(V S ) - V s + J n \\ < e, and max,^ ||o: t (V s ) - V s \\ < e. 

Let e' > 0. We choose an increasing sequence (/ifc) in [0, 1) such that /i = 0, lim^ fi k = 
1, and \\Vfj, k — Vfj, k || < e'. We will denote V^ k by V k below. 

Note that p m = J2\i\< m s i e n s *i * s an a- invariant projection in J n for each m G N and 
that (pm) forms an approximate identity for J n . 

Since V s s k V* = V s X(V*)s k and ||1 - V S X{V*) + J n \\ < e, we have that \\V s s k V s * - 
Sk + J n \\ < e - Since {V s s k V* — s k \ s G [0, 1]} is compact, we have a projection p G J n 
such that IKKsfcV/ - s k ){\ - p)\\ < e and ||(1 - p)(V s s k V* - s k )\\ < e for s G [0, 1] and 
k = 1, . . . , n. We may suppose that p = p m for some m. From the convex combinations 
of (p m ), we find an approximate unit (e^) in J n such that e = < p < ex, a t (e k ) = e k , 
e k+1 e k = e k , and 

||[(e fc+ i-e fc ) 1/2 ,^]|| < e'2- k ~\ i = 1,2, . . . ,n, 
||[(e fc+1 -e fc ) 1/2 ,V}]|| < e', j < k + 1, 
W k -elfl\V 3 ]\\ < e', j<k + l. 

Since —1 < Ylk={)( e k+i ~~ ekY^Xk^k+i — efc) 1 / 2 < 1 for any K and any x k = x* k with 
\\%k\\ < 1, we can define 

oo 

z = ^2(e k+1 - e k ) 1/2 V k (e k+1 - e k ) 1/2 , 

k=0 

which converges in the strict topology in M(J n ) and has ||z|| < 2. Since \\V k — 1 1 1 — ^0 , it 
follows that z — 1 G J n . We claim that z is close to a unitary by writing 

zz* = ^(e fc+ i 

k 

+ X^ efc+i 

k 

+ ^2(e k+2 

k 



- e k ) 1/2 V k (e k+1 - e k )V k (e k+1 - e k ) 1/2 

- e k y/ 2 V k {e k+ x ~ el +1 ) l/2 V k * +1 {e k+2 - e k+1 f 2 

- e k+ x) 1/2 V k+ x(e k+1 - e 2 k+1 ^ 2 V k * (e k+1 - e fc ) 1/2 , 
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where we have used that (e^+i — e k y/ 2 (ej + i — e.,-) 1 / 2 = if \k — j\ > 1 and (e^+i — 
e k) 1 ^ 2 ( e k+2 — e k+i) 1 ^ 2 = (cfc+i ~ efc+i) 1 ^ 2 - By splitting out each summation into the sum 
over even integers and the sum over odd integers and noting that 

\\V k {e k+1 - e k )V k * - {e k+1 - e k )\\ < 2e' 

and 

\\V k (e k+1 - el +i y/*V k * +1 - (e k+1 - e 2 k+l f' 2 \\ < 2e', 

we estimate 

\\zz* - 1|| < 2(2e' + 2e' + 2e') = 12e'. 

Similarly we get that \\zz* — 1|| < 12e'. Thus if e' is sufficiently small, then v = z\z*z\~ 1 / 2 
is a unitary in J n + 1 and satisfies that 



\v-z\ < ||v||||l - |z*z| 1/2 || < e", 



with e" 6e'. 
Since 



we have that 



ZSjZ 



W-SiZ* - ^(e fc+ i - e k ) 1/2 SiV k *(e k+1 - e k ) 1/2 \\ < e, 

k=0 

i ^(e fc+ i - e fc ) 1/2 (e fc+ i - e k )V k SiV k * (e k+1 - e k ) 1/2 
k 

+ ^2( e k+i ~ e k ) 1/2 (e k+1 - e 2 k+1 ) 1/2 V k+1 SiV k+1 (e k+2 - e k+1 ) 1/2 

k 

+ ^(e fc+2 - e fc+1 ) 1/2 (e fc+1 - e 2 k+1 ) 1/2 V kSi V k * (e k+1 - e k ) 1/2 , 
k 

with the norm difference less than ||z||e' + 12e / < 14e'. By using || (V k SiV k — Sj)(l — p) || < e 
etc. for all terms except for the k = term of the first summation, we have that 



zs iZ * ps e ^V Sl \/* e l /2 + ^( efe+1 -e fe ) 3/2 Sj (e fe+1 -e fc ) 1/2 



fe>l 

+ ^2( e k+i - e k ) 1/2 (e k+1 - e 2 k+1 ) 1/2 Si(e k+2 - e k+1 ) 1/2 



k>0 



+ ^(e fc+2 - e k+1 ) 1/2 (e k+1 - e 2 +1 ) 1/2 s i (e fe+1 - e k ) 1/2 



k>0 



with the norm difference less than 14e' + 6e. Since || [VsiV*, e 1 / 2 ] \\ < 3e' and ||[(e fe+1 — 
e fe ) 1/2 ,Si]|| < e'2~ k - 1 , we have that 

zsiZ* ~ e 2 \/si\/* + (1 - el)si, 
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with the norm difference iess than 14e' + 6e + 3e' + 3e' = 6e + 20e'. Since e\VsiV* + (1 — 
el) Si - f3(si) = (1 - ef)(sj - /3(sj)), it follows that \\z-SiZ* - (3(si)\\ < 7e + 20e', which 
implies that \\vSiV* - (3(si)\\ < e"(\\z\\ + 1) + 7e + 20e' « 7e + 32e'. 

On the other hand we have that ||a; t (z) — z|| < 2 sup fc ||cK t (Vfc) — Vfc||, which implies 
that max| t i<i \\a t (v ) — v\\ < 2e + 2e". This concludes the proof. □ 

Proof of Proposition 11.21 

This follows by combining 13. 3\ 13.41 and 13.51 

Let to £ R- and e > 0. Then we choose 5 > for e as in 13.51 By 13.31 we have an 
automorphism (3 of £ n and a unitary G M(i7n) Q such that Q/3 = a to Q and (3~ l a to = 
Ad V, max| t |<i ||a t (y) — V\\ < 5, etc. Then bv 13. 51 we get a unitary v E J n + 1 such that 
\\P~ la to( s i) ~ vs i v *\\ < e an d maxj t |<! ||at(u) — u|| < e. Since /3 = lim fc Adwk, we get that 
||a io (sj) — WkVSiV *Wk\\ < e for a large k and max| f |<i \\a t (wkv) — Wkv\\ < e + 5 from the 
properties imposed on (wk)- Thus we can conclude that a to is a-invariantly approximately 
inner. 

4 Proof of Lemma 13.4 

We recall that H is a self-adjoint operator on 7i with Spec(ifo) = R and that we let 
an = Ade itHo on M(J n ) a , where M(J„) is identified with B(H ) and M(J n ) a is the largest 
C*-subalgebra of M(J~ n ) on which t i— > Ade rfH ° is strongly continuous. The following can 
be proved by adopting the arguments in [3 QS] • 

Lemma 4.1 For any e > there exists a 5 > satisfying the following condition: If 
Z G U(M(J' n ) a ) satisfies that maxi t i<i ||at(Z) — Z\\ < 5, then there exists a rectifiable 
path (Z s , s G [0, 1]) in U(M(J n ) a ) such that Z = 1, Z\ = Z , 

sup max ||at(Z s ) — Z s \ < e, 
se[o,i] I'l- 1 

and the length of (Z s , s G [0, 1]) is less than 2tt + e. 

Proof. We choose a non-negative C^-function on R such that /(0) = 1 and supp/ C 
(Sq, 8 ) for a small 5 > and modify Z by 

X = J f(t)a t (Z)dt G M(J n ) a 

which is still close to Z, e.g., \\X — Z\\ < /i, where \x can be arbitrarily close to zero 
depending on 8. Let E be the spectral measure of H and define, for any k G Z, 

£ fc = £[2H , 2(A: + 1)5 ) G M(»7 n ) a , 
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which is a projection of infinite rank. Noting that the a-spectrum of X is contained in 
(— 5 , 8q), we have, as in the proof of 4.1 of |T0] , that 



XE k X* 


< 


E[(2k-l)8 ,{2k + 3)6 ), 


XE k X* - (XE k X*) 2 


< 


2// • XE k X* < 2//1, 


Spec(XE k X*) 


C 


{0}U [1-2^,1], 


Y k + - (Y+y 


< 


6/il, 


Spec(F+) 


c 


[o,6//]u[i-6//, i], 


Y k - ~ {Y k f 


< 


6/i, 


Spec(F fc -) 


c 


[0,6//]u[l-6//, 1], 



where [i ~ // and 

F+ = ,E[(2A; + l)5 ,(2A; + 3)5 )X J E fc X* J E[(2A: + l)5 ,(2A; + 3)5o), 
K fc - = J B[(2A;-l)(5o,(2A;+l)5o)XE fc X*E[(2A;-l)(5o,(2A; + l)5o). 

We define F k to be the spectral projection of Y k corresponding to [1 — 6//, 1] and let 
F k denote the projection F k + F k . We note that these projections are of infinite rank, 
because E(I) is a projection of infinite rank for any non-empty open subset / of R, and 
that 

F+ < E[(2k + l)5 ,(2k + 3)6 ), 
F~ < E[{2k-l)5 ,(2k + l)5 ), 
\\F k -XE k X*\\ < Ufx. 

We define 

Gt = E[(2k + l)S ,^k + 3)8o)-F k - +1 , 
G k = E[(2k-l)5 ,(2k + l)5 )-F k + _ v 
G k = G k + G k . 

We note that G^ and G k are projections of infinite rank and that 

\\XE k X* -G k \\< 34/x. 

By using the facts that J2 k E k = 1 and 

/] F 2k + 2_j (*2k-i — 1? 
fc k 

we check that 

W = ^ F 2k XE 2k + G2k-iXE 2k -i, 
k k 
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is close to a unitary; we denote by V the unitary part of the polar decomposition of 
W. Since \\a t {F 2k XE 2k ) - F 2k XE 2k \\ < \\a t (X) - X\\ + A5 \t\, \\a t (G 2k ^X E 2k ^) - 
G 2k -iXE 2k _ 1 \\ < \\a t {X) -X\\ +46 \t\, and 

\\a t (W)-W\\ < sup\\a t (F 2k XE 2k )-F 2k XE 2k \\+sup\\a t (G 2k - 1 XE 2 k-i)-G 2k - 1 XE 2k _ 1 \\, 

k k 

we have that W, V G M(J n ) a . We estimate that \\Z - V\\ < 10//", where //" « /i 1/2 . We 
should also note that 

VE 2k V* = F 2k <E[(4k-l)5 ,(4k + 3)5 ), 
VE 2k ^V* = G 2k ^<E[(Ak-3)5 ,(Ak + l)5 ). 

It then follows that the a-spectrum of V is contained in [— 35 , 3<5 ]. 

Since \\VZ* - 1|| < 10//, there is a self-adjoint 5 G M(J n ) a such that VZ* = e iB 
and || 5 1| is of the order 10/i". Then the path 7 : [0, 1] 3 s 1— > e lsB Z goes from Z to V 
of length ||£||. Since ||at(e isB Z) - e isB Z|| < s||a t (S) - S|| + ||a t (Z) - Z||, we have that 
max s ||a t (7 s ) — 1 1 — >0 as t^O and 

sup max ||a; t (7 s ) — 7 S || < 2||£>|| + max ||a; t (Z) — Z||, 

which is arbitrarily small. 

Then we find a rectifiable path (( t , t G [0,1]) in U(M(J n )) such that ( t commutes 
with E[(2k - 1)<? , (2k + 1)5 ) for all k G Z and 

AdCi(F+) = E[(Ak + l)5 ,(Ak + 2)5 ), 
AdCi(F-) = E[4k5 ,(4k + 1)5 ), 

and the length of ( is at most ir. Then we get that 

Ad(CiV)£ 2fc = E 2k . 

Since AdC^G^+J = E[(Ak + 2)<5 , (4A; + 3)5 ) etc., we also get that 

Kd(CiV)E 2k+1 = E 2k+l . 

Note that the a-spectrum of ( t is contained in [— 2So, 25 ], which implies that G M(j7^) a 
and max| t |<i ||a t (Cs) - Call < 25 . 

There is a rectifiable path (77^ t G [0, 1]) in U(M(J n )) such that commutes with 
E[(2k - 1)6 , (2k + l)6 ) for all k G Z, 770 = 1, 771 = (CiV)*, and the length of 77 is at 
most it. Note also that the a-spectrum of rj t is contained in [— 25 ,25 ], which implies 
that 7} t G M(J n ) a and max| t |<i |K(r/ s ) - r/ s || < 25 . 

Combining these paths we get the conclusion. □ 

Next we will prove another version of the above lemma; we will replace M(J n ) a by 
the C*-tensor product C(T) <g> M(J n ) a with the flow id <g> a, which will sometimes be 
denoted by a. 
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For the preparation we present the following two lemmas, which are just concerned 
with B(7i), the bounded operators on an infinite-dimensional Hilbert space 7i, without 
a flow on it. We note that the C*-tensor product C(T) ® B(Ti) identifies with the norm- 
continuous functions on T into B(TL). 

Lemma 4.2 Let E, F, P be projections in C(T) ®B(7i) such that E(s), F(s), P(s) are of 
infinite rank, P(s) = P{0) for s G T = [0, l]/{0, 1} ; and EP = = FP. Then there is a 
rectifiable path (U t , t G [0, 1]) in U(C(T) <g> B(H)) such that U = 1, AdU^E) = F, and 
the length of U is at most ir. If furthermore E(0) = F(0) at G T ; then the condition 
U t (0) — 1, t G [0, 1] can be imposed. 

Moreover if E k , Fk, Pk (ire such a triple of projections in C(T) <g> B(TL) for each k G N 
such that T 3 s h-> fe E k (s) and T 3 s h-> fc F fc (s) are continuous in U^ =1 C(T)<S>B(H), 
there are rectifiable paths (C/ t , t G [0, 1]) in U(C(T) ® B(7i)) as above such that T9sh 
fe C/ t fe (s) continuous and the length of [0, 1] 3 1 1— > fc f/f zs a£ mos£ 7r. 

Proof. We have expressed the base space T as [0, l]/{0, 1}. Since t i— > £(£) is norm- 
continuous, there exists a norm-continuous V : [0, 1] i— > U(B(H)) such that V^(0) = 1 
and 

AdV(£)(£(0)) = £(£), £ G [0,1]. 

More specifically we choose a finite number of points £ — 1 < t± < £ 2 < • • • < £ m -i < 
£ m = 1 such that H-E'(s) — E(t)\\ < 1/2 for s,t £ [ti-i,U] for i = 1, 2, . . . , to. We define, 
for £ G [U-^U], 

Z\ = E(t)E(t t ^) + (1 - E(t)){l - E(t t ^)). 

Since \\(Z % t )*Zl — 1|| < 1/2 etc. the polar decomposition of Z\ gives a unitary V/ = 
ZWZW' 1 . Then we define for £ G [£*_!,£*] 

Since Ad V^-Eft-i)) = £(£), we get that Ad V(*)(f?(0)) = £(£). It is obvious that t i-> K 
is norm-continuous. But more is true. 

Note that ||V? - Vf\\ < 2 1 / 2 ||£(£) - E(s)\\ + |||Zj| _1 - \Z\\-^\\ for s,£G [£*-!,£*]. 

Let S be the set of self-adjoint elements h G -B(7~£) such that Spec(/i) C [1/2, 1]; then 
\Z\\ 2 = {Z\)*Z\ G S. The map S 3 h ^ h~ x l 2 is uniformly continuous in /i 6 5. Since 
\\\\Zl\ 2 — \Z\\ 2 \ < \\E{t) — E{s)\\i the continuity of £ i— > only depends on the continuity 
of t i — y E(t) on each i.e., there is a non-decreasing continuous function tpi on 

[0,1] such that ^i(0) = and ||V^ — V*|| < <Pi(\\E(s) - E(t)\\) for s,£ G - £;] with all 
i. Since [0, 1] 9 t i— > _E (t) is uniformly continuous, there is a non- decreasing continuous 
function y? 2 on [0,1] into [0,1] such that y? 2 (0) = and \\E(s) - E(t)\\ < ip 2 (\s - t\). 
Let <f — ipi o ip 2 . Combining these estimates, we have that — V t \\ < <p(\s — t\) for 
s,t G [U-i,ti\. 

Let A = mini<j< m {|tj — tj_i|} and assume, by replacing if by a bigger one if necessary, 
that if(s) + </?(£) < if(s + £) for s,t > with s + £ < 1. If s, t G [0, 1] satisfies that 
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< s — t < 2A, then either ti-i < t < U < s < t i+ \ or ti-i < t < s < U for some i. In the 
former case \\V S -V t \\ < \\V a -V u \\ + \\V u -V t \\ < + < 

ip(s — ti) + ip(ti — t) < (p(s — t). With the same estimate for the latter case we have that 
\\V S — V t \\ < <f(\s — t\) if \s — t\ < 2A. By redefining <p on [2A, 1], we may suppose that 
\\V S -V t \\ < (p(\s-t\) is valid for all s,t E [0,1]. 

We define a function P on T = {z E C | \z\ = 1} by F(e u ) = t for t E (-7r,7r] and 
let H = F(V{1)). Since [V(1),E(0)] = 0, we have that [P,P(0)] = 0. We replace V 
hyV':t^ V t e~ itH . Then we get that V'(l) = 1 = V'(0), Ad V'(t)(E(0)) = E(t), and 
the continuity of t i — > V/ depends only on the continuity of t i— > P(t). If we replace by 
s i— > y?(s) + 7ts, then we have that ||^'( s ) — ^'Wll < ^d 3 ~ *D- 

In this way we construct V,W E W(C(T) <g> P((l - P(0))ft)), which satisfies that 
V(l <g> £?(0))F* = P, V(0) = 1, W(l <g> F(0))W* = P, and W(0) = 1. Moreover we may 
assume that there is a non- decreasing continuous function ip on [0, 1] such that ip(0) = 
and 

\\V(s) - V(t)\\ <<p(\ 8 - t\), \\W(s) - W(t)\\ <<p(\ 8 - t\). 

Note that ip depends only on the choice of Vs and the continuity of s m E(s) and of 
s i-» F(s). 

If E(0) = P(0), the unitary Z = WV* in C(T) <g> P((l - P(0))ft) satisfies that 
Ad(Z)(P) = F and Z(0) = 1 - P(0). Let F G 5(H) be such that Y*Y = P(0) and 
FF* = 1 - P(0) and let 

X t = cos(7rt/2) + (Y - Y*) sin(7rt/2), t E [0, 1]. 

Then X t is a unitary on ft. The path U : i i-> (Z + P)(l (g) X t )(Z* + P)(l (g) X t *) in 
W(C(T) <g> P(ft)) satisfies that U = l,U 1 = Z-\- Y*Z*Y, U t (0) = 1, and 

||C/ tl -C/ t2 1| <2||X tl -X t2 || < — 

Moreover U t satisfies that 

\\U t (s 1 )-U t (s 2 )\\<2<p(\s 1 -s 2 \). 

Since AdUi(E) = F, this concludes the proof for the case P(0) = P(0). 

In the case P(0) ^ P(0) we choose a unitary T on (1 - P(0))ft such that TP(0)T* = 
P(0). Then we can proceed as above with Z = W(l <g> T)V* . 

Suppose that Ek,Fk,Pk are given as in the statement. Let Poo = Q) k P& and Pqo = 
fe Pfe in n^ =1 C(T) ® P(ft). Then we choose a finite number of points t = < t\ < 
h < ■■■ < t m = 1 such that ||Poo(s) - Poo(t)|| < 1/2 and WF^s) - F^t)]] < 1/2 
for s,t E \ti-i — U] with all i. By using these points in [0, 1] we construct a path U k : 
[0, 1]— >U(C(T) <S> P(ft)) as above. Then there is a non- decreasing continuous function tp 
on [0,1] such that ip(0) = and ||P t fc (si) — U k (s 2 )\\ < 2ip(\s 1 — s 2 \). Note that we can 
define ip based on the functions s ^ Poo(s) an d s i— > P 0O (s), i.e., ^ is independent of A;. 
Hence it follows that T9sh U£°(s) = fc U^(s) is continuous for each t E [0, 1]. Since 
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\\U£ - C/JH < ir\ti -t 2 \, we also get that \\Ug - Ug\\ < 7r\h - t 2 \. This concludes the 
proof. □ 

Lemma 4.3 Let U G U(C(T)®B(H)). If there is a projection E G B(H) such that E and 
1 — E are of infinite rank and [U, 1 <8> E] = 0, then there is a rectifiable path (V t , t G [0, 1]) 
inU(C(T)®B(H)) such thatV = \,V X = U, \\V t (s x ) -V t (s 2 )\\ < 6\\U( Sl ) - U(s 2 )\\, and 
the length ofV is at most 3n. 

Proof. Let Y G B(H) be a partial isometry such that Y*Y = E and YY* = 1 — E and 
let X t = cos(7rt/2) + (Y — Y*) sin(7rt/2) as in the proof of the previous lemma. Then the 
map [0,1] 9tM (U(l®E) + l®(l-E))(l®X t )(U(l®(l-E)) + l®E)(l®X;) moves 
from U into U x = U(l ® E)(l ® F)?7(l ® Y*) + 1 ® (1 - E). Note that the length of this 
path is at most it. 

Let W = U{1 <g> E)(l ® F*)C/(1 ® y), which is a unitary in C(T) ® B{EH). Since 
1 — is of infinite rank, letting Tik = EH. for all k G Z, we identify H with © fceZ 7^^ and 
EH with 7i - Thus we regard Ui(s) as 

• ••ei©i©w / (s)©i©-- - , 

where W(s) is on H . Let W r = fe < o 1 © fc > x G C(T) ® B(® k H k ). Let if be a 
self-adjoint operator on ® fc 7ife such that Spec(ii) = [— 7r, it], and e* H induces the shift 
to right. Then the map [0, 1] 3 1 1— > UiW r (l ® e~ itH )W*(l <g> e ttH ) moves from U\ into 1. 
The length of this path is at most 2n. 

Combining these two paths we get the desired one (Vt, t G [0, 1]). Since ||W(si) — 
W(s 2 )\\ < 2||Z7( Sl )-C/(s 2 )||, weget ||V t (si)-V t (s 2 )|| < G\\U( Sl )-U(s 2 )\\ for any t G [0, 1]. 
This concludes the proof. □ 

Lemma 4.4 For any e > there exists a 5 > satisfying the following condition: If 
Z G U(C(T) <S> M(Jn)a) satisfies that max| t |<i ||(id ® oct)(Z) — Z\\ < 5, then there exists 
a rectifiable path (Z s , s G [0, 1]) in U(C(T) ® M(J n ) a ) such that Z — 1, Z\ — Z , 

max max II (id <8> a t )(Z s ) — Z s \\ < e, 
se[Q,i] \t\<\ 

and the length of (Z s , s G [0, 1]) is less than 4tt + e. Furthermore if Z(0) = 1 at G T ; 
then the path is chosen to satisfy that Z s (0) = 1 for s G [0, 1]. 

Proof. We will prove this result for C(T) ® M(J n ) a mostly following the proof of Lemma 
14.11 for M(J n ) m by using Lemmas 14.21 and 14.31 where the counterparts for M(J n ) a are 
trivial. We will indicate below how to use 14.21 and 14.31 in the proof of Lemma 14.11 
We will apply l4~2*l when we construct the unitary path ( in the proof of 14.11 
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More explicitly we define F k as in the proof of 14.11 which entails that F^ 1 G C(T) (g> 

M(J n ) a and 

F+ < l^E[(2k + l)5o,(2k + 3)6 ) 1 
F~ < l®E[(2k-l)5 ,(2k+l)8 ). 

With H = E[(2k — 1)5q, (2k + l)5o)TCo, we then construct a unitary path ( k in each 
C(T) ® 5(H), where 5(H) equals 

£[(2fc - 1)5 , (2A; + l)5 )M(j;) a £[(2A; - 1)8 , (2k + 1)5 ). 

For H = E[(4k + 1)8 Q , (4k + 3)5 )H , we have to find a path ( 2k+1 in W(C(T) ®B(H)) 
such that C<f +1 = 1, 



AdCf +l (F+) = 1 <g> £[(4fc + 1)5 , (4A; + 2)5, 



oj 
and 

iir-n^i^-^i. 

We can apply l4~2*l because l(8)E[(4k + 3)5o — 5' , (4/c + 3)5o) is of infinite rank and orthogonal 
to F+ and 1 ® £[(4A; + 1)£ , (4Jfe + 2)5 ) for a small 5' > 0. 

For W = E[(4k - l)6 , (4k + l)6 )H , we find a path ( 2k in W(C(T) ®B(H)) such that 
C 2fc = 1, MC k (F- k ) = 1 ® £[4M , (4k + 1)5 ), and ||Cf - Cll < - t 2 \. 

Note that T 9 s i— > Yfc(s) is equi-continuous in G Z; see the definition of in the 
proof of 14.11 Since the spectrum of F k is contained in [0, 6/x'] U [1 — 6//, 1] and F k is the 
spectral projection of Y k + corresponding to [1 — 6//, 1], it follows that T9sh Fj^(s) is 
equi-continuous in Similarly we get that T9sh F k ~(s) is equi-continuous in k. By 
14.21 we can choose these paths (( k ) such that T 3 s \— > Q)( k (s) is continuous for each 
t G [0,1], which implies that (t = J2 k (t G C ( T ) ® 

Since commutes with 

E[(2k - 1)S , (2k + 1)S ), it follows that ( t G C(T) <g> M(J n ) a and the a-spectrum of & is 
contained in [— 25 ,25 ]. Note that (( t , t G [0, 1]) has length of at most tt. 
When we construct the path rj, we will use Lemma \4. 31 

More explicitly (iV commutes with 1 ® E k . We apply Lemma \4. 31 and find a path rj k 
in U(C(T) ® B((E 2k + E 2k+1 )H )) which connects dV(E 2k + E 2k+1 ) with £ 2fc + E 2k+1 
for each fc. Since ||^(s x ) - r/ 4 fe (s 2 )|| < 6||Ci(si)^(si) - Ci (^2) V(s 2 ) || , we have that T 3 
s 1— > rjt(s) = J2kVt( s ) i s continuous, i.e., r) t G C(T) ® M(J^). Note that the length of 
(?7i, t G [0, 1]) is at most 3ti and that the a-spectrum of rj t is contained in [— 4<5 ,4<5 ]. In 
this way we get the conclusion. □ 

We recall that the flow a on £ n (<Z M(J n ) a ) induces a flow on the quotient O n (c 
M(Jn) a / Jn), which we will also denote by a. By using Q(si) G O n we define a unital 
endomorphism A of O n by \(x) = Y17=i Q( s i) x Q( s i)* ■ We know that A has the Rohlin 
property (as a version for a single endomorphism or automorphism); see |2b[ IT2*1 ITlj. But 
we have more: 
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Lemma 4.5 For any N G N and e > 0, there are n projections e% in O n for i = 
0, 1, . . . , n N — 1 such that G D(5 a ), 

2 N -1 
i=0 

||£ a (e»)|| < e, 
max ||A(ej) - e i+ i|| < e, 

i 

F n JV = Fq. 

Proof. Define an action 7 of T n on n by 7 2 (sfc) = ZfcSfc for z = (zi, Z2, ■ ■ ■ , £ T n . We 
embed T into T n by z 1— > (z, z, . . . , z). Then the fixed point algebra of O n under 7|T is 
the closed linear span of Q(siSj), \I\ — \ J\, where I, J G {1,2,..., n}* and is isomorphic 
to the UHF algebra of type n°° . We will denote it by UHF„. Then the restriction of A 
onto UHF n is the one-sided shift and is known to have the Rohlin property. 

Note that Ol C UHF n , 0% C 0%, and by jTHj that X\OZ has the so-called one-cocycle 
property. (Since 0% has n distinct characters, X\01 cannot have the Rohlin property but 
has an approximate Rohlin property.) In particular for any k G N we have mutually 
orthogonal projections /*, i — 0, . . . , M — 1 in 0%, with M = n N , such that 

\Wf)-ftn\\<Vk 

with f k M = f and [f k ] = [1] in K (O n ) = Z/(n - 1)Z. Let e k = Z^o' fi e 
which is an a-invariant projection. Since ||A(e fc ) — e fc || < M/k, the sequence (e k ) forms 
a central sequence in A = O n . Hence (e fc ) defines a projection E in (A' fl A^) a , where u 
is an ultrafilter on N and {A' fl A^) a is the a-fixed point algebra of the central sequence 
algebra divided by the ideal vanishing at u. Since [1] = [e k ] in K (A) = Z/(n — 1)Z, we 
have that [1] = [E] in Kq(A' fl A") [201 • (This is not entirely trivial; we use the fact that 
K X {A) = for A = O n .) 

By PS |20] we have that K ((A n A^) a ) = K (A' n Since 1,£ G (A' n A^) a , 

we have & W E (A' H A^) a such that WW* = E and VPW = 1. Suppose that (w k ) 
represent W; then it follows that lim^maxi^! ||o; t (w fc ) — Wk\\ = 0, lim^ — e k \\ = 0, 

and lim^ \\wlwk — 1|| =0. Thus we can make an isometry w in A = O n from Wk for some 
fc with e/3 > such that \\\{w) — w\\ < e/3, iu G D(5 a ), ||#a(w)|| < e/2, ww* = e fc , 
and «;*«; = 1. We can take the projections = w*f k w, i = 0, 1, . . . , M — 1 because then 

Ei^ = 1, 

||A(e;) - e i+1 \\ < e 

and so on. □ 

Lemma 4.6 For any e > there exists a 5 > satisfying the following condition: Let 
H a be a self-adjoint operator on a Hilbert space H a for o = 1,2 such that dim(Wi) = 
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dim(7i2) < oo. If there is a unitary operator W from Hi onto H 2 such that 



max \\e itH2 We- itHl -W\\<5, 
\t\<i 

then it follows that \\\^ — \f^\ < e for all i, where (A^) is the increasing sequence of 
eigenvalues of H a (each repeated as often as its multiplicity) for a = 1,2. 

Proof. Let / be a non-negative integrable continuous function on R such that /(0) = 1 
and supp(/) C [— e, e], where f{p) = J f(t)e~ ipt dt. We choose a sufficiently small 5 > 
so that Wf — J f {t)e ltH2 W e~ ltHl dt is close to W and so is invertible for W satisfying the 
condition in the lemma. Then it follows that for any finite subset T of the eigenvalues 
of Hi the number of eigenvalues A of H 2 with |A — /i\ < e for some \i G T is greater 
than or equal to the number of elements of T . (Because if L is the linear subspace 
spanned by eigenvectors for Hi whose eigenvalues are in J 7 , then the linear subspace WfL 
is contained in the linear subspace V spanned by eigenvectors for H 2 whose eigenvalues 
are in {A | 3/i G T |A — fi\ < e}. Since Wf is invertible, the dimension of V must be 
no less than the dimension of L.) This implies, by the matching theorem, that there is 
a bijection from the eigenvalues of Hi to those of H 2 such that 1 0(A) — A| < e for any 
eigenvalue A of Hi. This implies the above conclusion. □ 

Lemma 4.7 For any e > there exists a 5 > satisfying the following condition: If 
v e C(T) ® M(J n ) a /J n is a unitary such that v(0) = 1 at e T = [0, l]/{0, 1} and 
max| t |<! || (id ® a t )(v) — v\\ < 5, then there is a unitary Z e C(T) ® M(J n ) a such that 
Q(Z) = v, Z(0) = 1, and max| t |<! || (id ® ot t )(Z) — Z\\ < e. 

Proof. Regarding v as a continuous function from [0, 1] into U{M(J' n ) a / J n ), we can find a 
continuous function V from [0, 1] into U{M{J' n ) Q ) such that V(0) = 1 and Q(V(s)) = v(s) 
for s G [0, 1]. Since V(l) £ 1 + J n and W(l + J7„) is connected, we may suppose that 
V{1) = 1, i.e., we have a unitary V G C(T) ®M(J n ) a such that V(0) = 1 and Q(V) = v. 
If max| t |<! || (id® Oi t )(v) — v\\ < S, then we have that maxi^] ||a t (V(s)) — V(s) + J n \ < 5 
for all s G T. Thus we may start with such a unitary V G C(T) ® M( l 7 n ) a instead of 
u G C(T) ® M( J n )J J n . 

Let (pfe) be an increasing sequence of projections in J n such that xpk^x for any x <E J n 
and a t (pk) = Pk for all fc. (Note that a t = Ade' lHot on M(J n ) a and if is diagonal.) 

Since T x [—1, 1] 3 (s,t) 1— > at(V'(s)) — V(s) G M{J n ) a is norm-continuous, the range 
{a t (y(s))-y(s) I s G T, i G [-1, 1]} is compact. Suppose that \\a t (V(s))-V(s)+J n \\ < 5 
for all (s, t) G T x [—1, 1] for a sufficiently small 5 > 0. Then there is a p = j9fc such that 

\\(a t (V(s))-V(s))(l-p)\\<6 

for all (s,t) G T x [-1,1]. 
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Let P(s) = V(s)pV(s)* for s G T. Then s i-> P(s) defines a projection P in C(T)<g>,7 n 
such that 

max||(id(8)a t )(P) - P\\ < 25. 
\t\<i 

Hence, for any e' > by choosing a sufficiently small 5 > 0, we may suppose that 
there is a unitary [/ G C(T) ® + CI) and a self-adjoint 6 G C(T) ® ^ such that 
||C/- 1|| < e', < e', and (id <g> 5 Q + &dib)(UPU*) = 0. We may suppose that U(0) = 1 
and 6(0) = since P(0) = p is a-invariant. Let P' = UPU* = UV(1 <g> pjv**/*, 
which implies that P'(0) = p. Since H + 6(s) commutes with P'(s), we can com- 
pute Spec((PT + 6(s))P'( s ))- Let E o = min seT minSpec((if + b(s))P'(s)) and let E 1 = 
max seT max Spec((if + K S ))P'( S ))- 

We find a projection q G J n such that g < 1 — p, [H , q] = 0, Spec(H q) C [^Oj-^i]) 
rank(g) ^> rank(p), and the eigenvalues of H$q are almost equally distributed in [Eq, E\\. 
By the last condition we should have, in particular, the following: If (XkYk=i^ is the 
increasing sequence of eigenvalues of H q (each of which is repeated as its multiplicity 
indicates), we get \\k — Xg\ < e for any k and £ with \k — £\ < rank(p). 

Let Q = V(l <S> q)V*, which satisfies that Q(0) = q and 

max || (id (8) a t ) (Q) - Q\\ < 25. 

Since we can choose the projection q so that ||(1 (g> q)P'\\ ~ and ||Q-P'|| ~ as precisely 
as we like, we may suppose that the above U G C(T) <8> (J^ + CI) and 6 G C(T) ® J n are 
chosen to satisfy that (1 <8> (5 Q + sAib))(UQU*) = in addition, by keeping the original 
relation P' = UPU*. Note, for each s G T, that U(s)V(s)q is a partial isometry from 
qH onto U(s)V(s)qH and that 

max \\e it ^ Ho+b ^U(s)V(s)qe- itHo - U(s)V(s)q\\ <5 + 3e', 

l*l<i 

where we have use that ||6|| < e', \\U — 1|| < e', and 

\\e itHo V(s)e- itHo q - V(s)q\\ < 5, t G [-1, 1]. 

By the previous lemma, if (Aj) is the increasing sequence of eigenvalues of H q = H o q and 
(/li) is the increasing sequence of eigenvalues of (H +b(s))q s with q s = U (s)V(s)qV(s)*U(s)* , 
it follows, by choosing sufficiently small 5 and e', that |Aj — //j| < e for all %. 

If S r denotes the set of eigenvalues of H r = rH with r a projection, then S p+q = 
S p U (which is a disjoint union since we count the multiplicity). We have assumed that 
the rank of q is much larger than the rank of p; hence the cardinality of S q is much larger 
than that of S p . We have also assumed that S q overwhelms S p ; if we align S p+q in the 
increasing order, the difference of a pair of values which differ by the rank of p in this 
order is at most e. 

Note that S p+q (s) = S p (s) U S q (s) for each s G T, where S r (s) is the set of eigenvalues 
of (H + b(s))U(s)V(s)rV(s)*U(s)*. Since S q (s) is close to S q = S q (0) (as ||6(s)|| < 
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e' <C e) and S q overwhelms S p (s), we can conclude the following: If (A») is the increasing 
sequence of eigenvalues of H (p + q) and (A^ ) is the increasing sequence of eigenvalues 
of (H + b(s))U(s)V(s)(p + q)V(s)*U(s)*, then |A* - \[ s) \ < 2e for all i. 
There are continuous functions (/j) on T such that 

fi{s) G Spec((l ® H + b{s))Ad{U(s)V(s))(p + q)) 

for all s G T, fa < and (fi(s)) = (\\ ) as sequences. By perturbing 1 ® H + b 

restricted to UV(1 <8> (p + c/))V^*[7* slightly, we may suppose that there are projections 
Pi G C(T) <g> ,7 n such that (1 ® F + b)(UV(l ® (p + g))V*l7*) = Ei /iPi (see 0). By a 
further perturbation up to e, we may suppose that fi(s) — A*, s G T for all z. By using 
this, we can construct a partial isometry G C(T) (g> J7^, such that W*W = 1 (g) (p + q), 
WW* = UV{1 ® (p + q))V*U*, and e ^®H +b) w e -itH = w for aU ^ where b hag nQW the 

estimate < 2e. Since U(0)V(0)(p + q)V(0)*U(0)* = p + q, we have that W(0) =p + q. 
Then it follows that U*W is a partial isometry from \®{p+q) to P + Q = V {l®{p+ q))V* 
with (E7*W)(0) = p + q and that 

max || e ^(i®^o)^ We -^(i®H„) _ < 211^ — x II — I— 2||6||. 

I*l<i 

Thus we can set Z = V(l — 1 ® (p + g)) + U*W, which is the desired unitary in C(T) (g> 

M{J n ) a . □ 



Lemma 4.8 If e is a projection in M(J n ) a / ' J n fl D(5 a ), there is a projection E G 
M(J n ) a n D(5 a ) suc/i ffca* = e. 

Proof. From the proof of Lemma 13.11 we can choose B G M(J n ) a fl D(5 a ) such that 
Q(B) = e and B* = B. Since Q(B) is a projection, the essential spectrum of B is {0, 1} 
(except for the trivial cases), i.e., Spec(S) has a gap between and 1. We can define a 
projection E from B by a C°°-functional calculus such that f5 G D(5 a ) and Q(E) = e. □ 

When eo G M(J n ) a / J n fl -D(5 a ) is a projection such that ||5 a (eo)|| is small, we set 
ft = -i(S a (eo)e - e 5 a (eo)) G M(J n ) a /J n . There is an if G M(J n ) a such that if* = if, 
Q(fJ) = ft,, and \\H\\ = \\h\\ = ||<J a (e )||. If E G M(J n ) a nD(5 a ) is a projection such that 
Q(Eo) = eo as in the above lemma, then we have that [H — H, Eq] G J n . Hence, setting 
K = -i((5 a -adiH)(E )E -E (5 a -a,diH)(Eo)) G J n , we have that [H -H-K,E } = 0. 
Thus we can talk about the essential spectrum of (Hq — H — K)Eq, which is independent 
of particular choice of H and Eq and may be obtained as follows. 

We define a homomorphism <f> of Co(R) into eo(M(J n ) a / J n )eo by 

<f>(f) = Q(f(H -H-K)E ), /GC (R). 

Then the kernel of is identified with {/ G Co(R) | f\S = 0} for some closed subset S of 
R. The essential spectrum of (H — H — K)E is equal to S. 
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If the above eo belongs to O n , then h G O n and H G £ n . The above map can be 
regarded as mapping C (R) into the crossed product C n x a R, which is known to be 
simple. (The C*-algebra generated by £ n and f(H ), f G Co(R) is a quotient of £ n x a R. 
The quotient by the maximal ideal J n x a R = J n <g> Co(R) is isomorphic to O n x Q R.) 
More precisely, is a homomorphism of Co(R) into eo(O n x R)eo = eo0 n eo x a ' R sending 
/ into A(/), where a' is the flow on e C n eo generated by (S a — &dih)\eoO n e and A is the 
canonical unitary group implementing a' in M(eQO n eo x a > R). Hence if eo is a non-zero 
projection in n , the essential spectrum of (H — H — K)E is always R. 

The following is a version of Lemma [4.41 for M(J n ) a / ' J n in place of M(J n ) a . 

Lemma 4.9 For any e > there exists a 5 > satisfying the following condition: If 
e G O n n D(<5«) C M(J n ) a /J n is a projection and u G (C(T) <g> M(J n ) a /J n ) n ,D(id ® <5 a ) 
zs a partial unitary such that u*u = l®e = m«*, ||(id®5 a )w|| < 5/2, anduifS) = e atO G T, 
i/ien i/iere zs a rectifiable path (w s , s G [0, 1]) of partial unitaries in C(T) ® M(J n ) a / ' J n 
such thatw*w s = l®e = w s w*, w = l®e, w\ = u, w s (0) = e, max| f |<i ||a f (iy s ) — w s \\ < e, 
and the length of (w s ) is less than Att + e. 

Proof. We will decide 5 > later and suppose that u is given as above. 

We have that ||5 a (e)|| < 5. Let h = — i(6 a (e)e — e5 a (e)) G M(J n ) a / \J n , which satisfies 
that S a (e) = &dih(e) and has norm less than S. We find a self-adjoint H G £ n C M( t 7 ri ) Q , 
such that Q(H) = h and \\H\\ = \\h\\. 

Let E <E £ n n D(S a ) be a projection such that Q{E) = e. Note that (S a — ad iH)(E) G 
J n . Hence there is a self-adjoint K & J~ n such that 

(5 a -adi(H + K))(E) = 0. 

Since m(0) = e, we can find a continuous path (U(s), s G [0,1]) in U(EM(J n ) a E) 
such that U(0) = E and Q(U(s)) = u(s), where T is regarded as the quotient space 
[0,1]/{0,1}. Since Q{U(1)) =eorU(l) G E{J n +l)E and the unitary group of E{J n +l)E 
is connected, we may suppose that U(l) = E, i.e., we have a lifting u to the unitary U 
in C(T) <g> EM(J n ) a E such that 17(0) = £. Let (3 be the flow on M(J n ) a generated by 
5 a — ad iH — ad %K , which leaves invariant, i.e., $ is implemented by e lt ( H o~ H - K ) _ Since 
Q(Pt(U(s)) - U(s)) = a { - h \u(s)) - u(s), we have that 

max \\Pt(U(s)) - 17(s) + ^11 < 2\\h\\ + 5 < 35, 
l*l<i 

where is the flow on M(J n ) a generated by 5 a — adih. We have remarked that the 

essential spectrum of (H — H — K)E is R, where we may suppose that (H — H — K)E 
is diagonal by changing K if necessary. We will apply Lemmas 14.71 and 14.41 below for the 
flow (3\M{EJ' n E)p in place of a\M(J n ) a , where EJ n E is the compact operators on EH.Q 
as J n is the compact operators on 7i and M(EJ' n E) /3 = EM(J~ n )^E = EM(J n ) a E. 
This is possible because the properties we needed for a t = Ade ltH ° on M(J n ) a in these 
lemmas are that Spec(i7o) — R and that Hq is diagonal; the same properties hold for 
Pt = Ade it{Ho ~ H - K)E on M(EJ n E) p as asserted above. 
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We apply Lemma O to the unitary U in C(T) ® EM(J n ) a E (or rather to Q{U)) 
with the Hilbert space ETL Q and the flow f3\EM(J n ) a E. Thus we can choose a unitary 
V G C(T) ® EM(J n ) a E such that V(0) = £7, ||E7(s) - V(s) + J n \\ < e' for s G T and 
max| 4 |<i ||/3t(V) — V|| < e', where e' is an arbitrarily small constant depending on 5. Then 
we can invoke PI to find a rectifiable path (W s , s G [0, 1]) in U(C(T) ®EM( J n ) a E) such 
that W — E,Wt — V, W s (0) = E, max,^ \\(3 t {W s ) - W s \\ < e, and the length of (W s ) is 
less than Atc + e. Now we can set w s = Q(W S ), which satisfies all the required conditions; 
in particular, since max|t|<i \\a[ h \w s ) —w s \\ < e, it follows that max| t |<i ||o; t (iy a ) —w s \\ < 
e + 25. □ 



Lemma 4.10 For any e > there exists a 5 > satisfying the following condition: If 
V G C(T) g> M(J n ) a is a unitary such that V(0) = 1 at G T and 

max || (id® att)(V) -V\\<5, 

then there is a unitary Z G C(T)(g)M(J n ) a such that Z(0) = 1, \\Q(V)-Q(Z)\(Q(Z))*\\ < 
e, and 

max || (id <g> oi t )(Z) — Z\\ < e. 
\t\<i 

Proof. Let iVeN and M = n^. we assume that M~ l < e. Bv 14.51 there are projections 
e i} i = 0, . . . ,M- 1 in O n nD(5 tt ) C M(J n ) a /J n such that £ f e< = 1, ||5 a (ei)|| < e', and 
||A(ej) — ej|| < e' for an arbitrarily small e' > 0. 

For each s G T there is an isomorphism <p s of O n = C*(Q(si), . . . ,Q(s n )) onto 
C*(Q(V A (s)si), . . . ,Q(V(s)s n )) C M{J n ) a . Note that s i — >• S is continuous in the sense 
that s i— > s (x) is continuous for each x G n . Since s A|O n = Ad Q(V(s)) \<p s \O n , the 
projections /;(s) = s (e 4 ) satisfy that ^ /,(s) = 1 and ||AdQ(V(s)) X(fi(s)) - f i+1 (s)\\ < 
e' . Since a t (V(s)) ~ V"(s) or (f) s a t \O n ~ a t s |O n depending on 5, we can also ascer- 
tain maxi t |<i \\oet(fi(s)) — /i(s) || < e', by choosing 5 > sufficiently small. Note that 
fi : s i— > /j(s) defines a projection in C(T) (g> M( l 7 n ) a . 

We assert that there is a partial isometry z G C(T) <8> M(J n ) a / ' J n such that 2*2; = 
1 (g> eo, = /o, and max| t |<i ||(id (g> a t )£ — z|| is small. 

Let h = —i(S a (eo)e — e <5 a (e )) G (C n )so- Then we have that (5 a — adi/t)(e ) = 0. 

From the proof of 14.51 en is defined as w*p w, where p is a projection in C UHF„ 
and w is an isometry in O n with to' G 0% and to* > p - We may suppose that p 
and ww* are in the linear span of Q(sjs*j), \I\ = \J\ = L for a large L G N. Since 
S ( S/S *) = Q(y( s )) L s 7 s}Q(^(s))2 for I, J G {l,2,...,n}* with |/| = |J| < L, it follows 
that 

/o(a) = Meo) = <j>.(w*)Q(y(s)) L poQ(V(s))l<f> a (w), 
where Q(V(s))l is defined inductively by Q(V(s))o = 1 and 

Q(V(s)) L = Q(V(s))\(Q(V(s)) L „ 1 ). 
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Thus we can set 

z(s) = <p s (w*)Q(V(s)) L we Q , s G T, 

which has the required property as a partial isometry from 1 ® eo onto /o if we choose 
S sufficiently small. (For example, z(s)*z(s) = e w*Q(V(s))* L (f) s (ww*)Qiy(s)) L we = 
eow* ■ ww* ■ weo = eo.) Since V(0) = 1 and 0o = id, we have that z(0) = eo- (Given e > 
we choose iVeN and the projections e, for i = 0, 1, . . . , n N — 1; in particular the above 
w, po, and L. Then making 5 > sufficiently small depending on w and L, we get that 
4> s (w*) and Q(V)l are almost a-invariant.) 

Now we proceed as follows. We choose unitaries (, r\ in C(T) ® M(J n ) a / ' J n such that 
C(s) = C(0) = r/(0), C « 1, AdCA(l ® e») = 1 ® e i+1 , 77 « 1, and Ad(r ? Q(F))A(/ i ) = 
where A denotes the endomorphism id ® A on C(T) ® M(J n ) a / J n . We define a map /j 
on C(T) ® M(J n ) a / ' J n by /j = L V Q(y^R^*X, where L x . (resp. is the left (resp. right) 
multiplication of x. Note that /i|C(T) ® 1 = id, /i(z) = t/Q(V)A(,2:)C* is a partial isometry 
from 1 (g) ei to /1, etc. We let 

y = ^/i M W ~ ^*Q(y)A(g(y)) • ■ ■ \ m -\q{v))\ m {z) 

which is a unitary in C(T) £g> e (M(j7 r n ) Q ,/j7 n )eo such that (id g) a t )(y) ~ y for t G [—1, 1] 
depending on 5 > 0. Since V(0) = 1 and z(0) = e , we get that y(0) = e . 

By assuming 5 > sufficiently small we can now invoke l4~TH i.e., we find a rectifiable 
path (y s , s G [0, 1]) in C(T) <g> M(J n ) a /J n such that = 1 ® e = y s y*, y = 1 ® e , 

= y, y s (0) = eo, ||at(y 5 ) — y s || ~ for t G [—1, 1], and the length of (y s ) is less than 5n. 

We are now in a familiar situation; we define a unitary u G C(T) <g> M(J n ) a / J n by 



M-l 

■u = 

k=0 



^(zVk 



where (yk) is a sequence of unitaries in C(T) ® eo(M( l 7 ri ) a /j7n)eo chosen from the above 
path (y s ) as follows: ?/ = y, \\yk ~ Vk+i\\ < 5n/M, y k (0) = e , and y M -i = e . Note that 
fi M (z) = zy. Then u satisfies that ||/i( M ) < 5tt/M, i.e., Q(\^)A(w) ~ u. It also follows 
that w(0) = 1 and (id <8> a t ){u) w it for t G [—1, 1]. Then use 14.71 to lift w to a unitary Z 
in C(T) <g> M(J n ) Q such that Q(Z) « u, Z(0) = 1, and (id <g> a t )Z »s Z for t G [-1, 1], 
which satisfies the required conditions. □ 



Proof of Lemma \3.4 



Let 5 > 0, which will be decided during the proof. Suppose that we are given a unitary 
V G M(J n ) a such that Q(V) G (£>„)' and max |t |<i \\a t (V) - V\\ < 5. Then by applying 
Lemma HH] there is a rectifiable path (V s , s G [0,1]) in U(M(J n ) a ) such that Vq = 1, 
Vi = V, and 



max max ||a*(ta) — Vs 

s6[0,l] |t|<l 



is very small depending on 5. 



31 



Since Q(VX(V)*) = 1, the map s G [0, 1] i-> Q(V S )X(Q(V S )*) defines a unitary w G 
C(T)®M(J n )JJ n such that w(0) = 1 and max| t |<! ||(id®o; t )(«;)-«;|| < 2efort G [-1, 1]. 
By Owe obtain a unitary W G C(T) ® M(J n ) a such that Q(W) = w, W(0) = 1, and 
max|i|<i || (id £g> o^XW 7 ) — VF|| = e' is small depending on e. Then bv 14.101 we obtain a 
unitary Z G C(T) ® M(J" n ) a such that Z(0) = 1, w = Q(W) « Q(Z*)\(Q(Z)), and 
maxi t |<i || (id ® « t )(Z) — Z|| is small depending on e'. Set V, = 2T(s)V^, s G [0, 1]. Then 
V Q = 1, Vi = V, X(Q(V S )) w and max se[0i i] max^ ||a t (K) - Vs|| ~ 0. Thus we 

find the desired path (V s , s G [0, 1]) connecting 1 with V in U(M(J n ) a ). This concludes 
the proof. 

5 Cocycle conjugacy 

When A is a unital C*-algebra, we denote by U(A) the unitary group of A. When C is a 
C*-subalgebra of A such that A H C" = C, we call C a masa of A. When C is a masa of 
A and k G k is said to normalize C if uCm* = C. We denote by M{C) the set of 

those u G normalizing C. Note that M{C) D W(C) and M{C) is a closed subgroup 

of U(A). When N(C) generates A as a C*-algebra (or equivalently the closed linear span 
of N(C) is A), C is called a regular masa of A. 

When a regular masa C of A satisfies the conditions that there is a norm-one projection 
of A onto C and that there is a character of C which uniquely extends to a state of A, 
we call C a Cartan masa of A. 

When a is a flow on a C*-algebra A, we denote by 5 a its generator and by D(S a ) the 
domain of 5 a , which is a dense *-subalgebra of A. 

Theorem 5.1 Let A be a unital simple C* -algebra and let C be a Cartan masa of A. 

Let a be a flow on A such that D(5 a ) D C . Then the following conditions are equiva- 
lent: 

1. sup{||a 4 <5 a (x) — <5 a (x)|| | x G C, \\x\\ < 1}— >0 as t—>0. 

2. S a \C is inner, i.e., there is an h = h* G A such that S a (x) = adih(x), x G C. 

Remark 5.2 The first condition of the above theorem follows if D{5^) D C. This is 
because then S^,\C is bounded (see, e.g., 0) and 

\\a t 5 a (x) -5 a (x)\\ < \\5 2 a \C\\ \t\ \\x\\ 

for x G C. 

In the above theorem it is obvious that (2)=>(1). Because, by using h in (2), we have 
the estimate that 

\\a t 5 a (x) - 8 a (x)\\ < 2(\\a t (h) - h\\ \\x\\ + \\h\\ \\5 a \C\\ \t\), xeC. 

Now we assume (1). To derive (2) we first show the following lemmas, the first of 
which is proved in a more general context. 
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Lemma 5.3 Let a be a flow on a C* -algebra A and let C be an abelian C* -subalgebra of 
A such that C C D(5 a ). Then for each character u of C there is a state ip of A such that 
\\(pa t — <p\\^0 as t^O and ip\C = uj. 

Proof. Let uj be a character of C. Then there is a decreasing net (z u ) in {x G C | \\x\\ < 1} 
such that (jj{z v ) = 1 and (z u ) converges to the minimal projection p G C** with uj{p) = 1. 
We regard C** C A** and set c = ||5 a |C||. Since ||o;t(^) — z v \\ < c\t\, we get that 
H^nO 9 ) ~ p\\ — c \Ai i- e -5 t l— * a t*{p) i s norm-continuous. Let B be the C*-subalgebra 
of A** generated by A and a£*(p), t G R. Then i? is left invariant under a** and the 
restriction /3 = a**\B is a flow, i.e, is strongly continuous. There is a /3-cocycle w such that 
Adu t /3 t (p) = p. Hence there is a Ad -u/3-invariant pure state ip of B such that ip(p) = 1. 
We let (/? = </?|A Since a = /3|^4 = ai**|A, we have that \\<pcxt — p\\ < — p\\- Since 
\\<f>Pt ~ 0\\ < || — fiA-du^PtW — 2\\u t — 1||, we have that || — V 9 !! < 2\\ u t — Since 
</?|C = u;, this concludes the proof. □ 



Lemma 5.4 Lei uj be a character of C such that uj uniquely extends to a state ip of 
A, which is necessarily a pure state. Then -n^iC)" is a completely atomic masa of 
7i v (A)" = B(Tiui), i-e., there is a family {p^ of one- dimensional projections on 7i v 
such that iTp(C)" is generated by pi's. If $ is a norm one projection of A onto C, then 
7r^(x) = J2 i Pi'K v> (x)pi for X G A. 

Proof. The support projection p of uj in C** is minimal in A**. Hence 7r**(p) = p is a 
one-dimensional projection belonging to n^iC)" . Since C is regular, the supremum of 
7T (p (-u)p7r (p (-u)* G -K^iC)" over u G M{C) should commute with n^A)"; hence equals 1. 
Thus we conclude that there is a family {pA- of one-dimensional projections in n^iC)" 
such that YliiPi = 1- 

Let x G A. If z G C satisfies that < z < 1 and 71^(2:)^ = Jl^, then 

7T v ,^(x)Q lf , = TT ip ^(x)'K ip (z 2 )^l ip = ^^(ZXZ)^. 

Since zxz ~ y?(:r)2: 2 for a suitably chosen z, we get that 

ny^x)^ = p(x)£l v = pic v (x)pQ (p 

for x G A, where p is the projection onto CQ^. Let w G M{C). Since x G C 1— > 
(7r ¥ ,(x)7r ¥ ,(u)fi ¥ ,, 77^(^)0^) = u;(u*a;ti) is also a character, we apply the same argument and 
get that if u G N(C), 

7r ¥ ,$(x)7r ¥ ,(u)fi ¥ , = ^(i/rra^f/u)^ = p u 7r (p (a;)p u 7r (p (-u)fi ¥ , = (^pj7ry(x)pj)7r y (^)Qy, 

i 

for x G A, where p u = 7r (p (-u)p7r </ ,(M)* G it v {C)" is the projection onto Cir^u)^ and jjOj} 
is chosen in the first paragraph. This concludes the proof. □ 
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Lemma 5.5 Under the condition (1) of the theorem, it follows that Af(C) C D(5 a ). 

Proof. Let w be a character of C which uniquely extends to a state, say ip, of A. Note 
that ip is a pure state of A. From it follows that \\<pcet — 1 1 — ^ as t— >0. Hence there 
is a unitary flow U on H v such that Ad UtTr v (x) = ir<p(at(x)), x E A. We will let H be 
the self-adjoint generator of U; U t = e ltH . 

Let h be an invariant mean of the function on the abelian group U(C) defined by 
u i — > —m v (5 a {u)u*) E BiTitp). Then it follows that h* = h G BiTi^) and adi/i(7r ¥ ,(x)) = 
^(^(a^)), x G C. We will show that £ i— > AdU t (h) is norm-continuous. 

Let c = ||<5 a |C||. We have that 

\\ott{8 a {u)u*) — 5 a {u)u*\\ < \\8 a (a> t {u) — u)\\ + c 2 \t\ 

for u G U(C). Since AdU t (ih) — ih is the invariant mean of u i— > ^(^(^(m)^*) — 5 a (tt)w*), 
it follows that 

||AdC/t(/i) - < sup ||<y a (a t (tt) - + c 2 |t|. 
«ew(C) 

Thus we get that t i— ► AdC/t(/i) is norm-continuous. 

Let S be the C*-algebra generated by 7T^(yl) and Ad Ut(ti), t G R. Then Ad£7t leaves 
i? invariant and x i— > Ad £^(2) is norm-continuous for x E B. Hence 1 1— > AdL^I-B defines 
a flow on B, which we denote by (3. Since h E B, Ad e u ( H ~ h > leaves B invariant and 
defines a perturbed flow P^~ h \ which fixes each element of 7r v (C), i.e., e u ( H ~ h > G n^C)'. 

Let it G Af{C) and define 

Wi = vr v ( M )A ( - /l) (7r v ( M *)), t G R. 

Then W 4 is a unitary in S and t t— ► Wt is a /^"^-cocycle. For 2 G IA{C) we have that 
[7^(3), Wt] = 0, which implies that W t E B f] tt^C)' C tt^C)". Since n 7i>(C)' 

is the identity map, we get that t 1— > W t is a norm-continuous unitary flow, i.e., there is 
a = k* E B fl Ttip{C)" such that W t = e lkt . Thus it follows that n^u) is in the domain 
of the generator of f3^~ h ' or (3. Since /^^(it) = Tt^a^u) and 7r^ is isometric, we get that 
w G D(8 a ). This completes the proof of the inclusion JV{C) C D(5 a ). □ 

Continued from the above proof we get that for u E J\f(C), 

7r^(uS a (u*)) — ir^ujaAih^^u*)) = ik, 

where k = k* E 7r v (C)". 

Let $ be the norm-one projection of BiTi^) onto 7r v (C)". For zeCwe have that 

7T,p$<5 a (z) = &ir v 5 a (z) = [i$(h),ir v (z)] = 0. 

Since h is the invariant mean of — i7T V) (5 a (z)z*), z E U(C) and 

$(-m v (5 a (z)z')) = -iir v ($(5 a (z))z*) = 0, 
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we obtain that $(/t) = 0. Using that Q^^hir^u*)) = ix^u^^ix^u*) = for 
u G J\f(C), we get, from the equation in the previous paragraph, 

n^(u5 a (u*))) = ik, 

i.e., k G ir v (C). Hence we get that 

&<\ih{it v (u*)) = •K tp {5 a {u*)) - ir v (u*)ik G tt^(A). 

Since this is the case for all u G 7V(C), we can conclude that adz/i defines a bounded 
derivation on tt v (A). Since n v (A) is unital and simple and n^A)" = BiH^,), this implies 
that h G n<p(A) (because any derivation of a unital simple C*-algebra is inner). Since 
ad ih 7Tip(z) = 7Tp(6 a (z)), z G C, this concludes the proof of Theorem 15.11 

In the above theorem, the regularity of the masa C in that strong sense is not really 
needed. We call a masa C of A weakly regular if 

{u G VI (A) | uu*,u*u G C, uCu* = Cuu*} 

generates A, where VI (A) is the set of partial isometries of A. If a weakly regular masa 
C satisfies the conditions that there is a norm-one projection of A onto C and that there 
is a character of C which uniquely extends to a state of A, then we call C a weak Cartan 
masa. We can get the following from the above proof straightforwardly. 

Corollary 5.6 Let A be a unital simple C*-algebra and let C be a weak Cartan masa of 
A. 

Let a be a flow on A such that D(S a ) D C . Then the following conditions are equiva- 
lent. 

1. sup{||at<5 Q (x) — 5q,(x)|| | x G C, \\x\\ < 1}^0 as t— >0. 

2. 8 a is inner, i.e., there is an h = h* G A such that 5 a (x) = &dih(x), x G C . 

Remark 5.7 Let A be a unital simple AF C*-algebra. Let C be a masa of A. We call 
C a canonical AF masa if there is an increasing sequence (A n ) of finite-dimensional C*- 
subalgebras of A such that the union is dense in A and C is generated by CflA n nA^_ 1 , n = 
1,2,... with Aq = 0. If C is a canonical AF masa of A, then the pair (A, C) satisfies the 
assumptions of Theorem 15.11 Moreover if a is a flow on A such that D(5 a ) D C, then 
5 a \C is inner Note also that a canonical AF masa of A is unique up to the transform 
by automorphisms. 

Proposition 5.8 Let B be a stable AF C* -algebra, C a canonical AF masa, and 7 an au- 
tomorphism of B such that 7(C) = C and 7 fixes no non-trivial ideals of B. Suppose that 
7*(fl0 is strictly smaller than g for any g G Kq(B) + , i.e., if is a positive homomorphism 
of Kq(B) into R such that <p(g) > 0, then (f>(g) > 4>j*(g). Let e be a non-zero projection 
in C such that 7(e) < e. Let A = e[B x 7 Z)e and regard C = Ce as a C* -subalgebra of 
A. Then it follows that 
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1. A is a unital simple C* -algebra. 

2. There exists a norm-one projection of A onto C. 

3. There exists a character of C which uniquely extends to a state of A. 
If B is simple in addition, C is a regular masa of A. 

Proof. Since the Connes spectrum of 7 is full (otherwise some power of 7 would be 
universally weakly inner on some non-zero ideal of B), it is well-known that B x 7 Z is 
simple; thus (1) follows. 

By using the dual action of T on B x 7 Z, we get a norm-one projection of A = 
e(Bx 7 Z)e onto eBe. We also have a norm-one projection of eBe onto C = Ce. Composing 
them we get the desired norm-one projection from A onto C. Thus (2) follows. 

To prove (3) we assert that there is a decreasing sequence (pk) of non-zero projections 
in C such that \\pkwy n (pk) ||— »0 for all u G M{C) fl eBe for all n G N. Then we take a 
character uj of C such that u(pk) = 1 for all k. If (p is an extension of 00 to a state of A, 
then we get that ip(xU n ) = lim^ (p(pkX~{ n {pk)U n ) = for all x G eBe and all n = 1,2,..., 
where U is the canonical unitary multiplier of B x 7 Z and we have used that C is a regular 
masa of eBe. This implies that </? is uniquely determined by uj. 

To prove the above assertion on (pk), let (u m ,n m ) m be a dense sequence in (Af(C) fl 
eBe)xN. Suppose that we have chosen a non-zero projection p £ C such that p-u m 7 nm (p) = 
for m < £. Then we have to find a non-zero projection p' G C such that p' < p and 
p'u£ , ~f ne (p') = 0. Since g = Ad w^™* (jo) is a projection in C whose equivalence class is 
strictly smaller than [p], we get that p(l — q) 7^ 0; thus we may set p' = p(l — q). We can 
get the desire sequence of projections by repeating this procedure. 

Recall that we have set M{C) = {u G U(A) \ uCu* = C}. To prove the last statement 
we have to show that M{C) generates A. Note that lim^oo 0([7 fc (e)]) = for any positive 
homomorphism <j) of Kq(B) into R (otherwise lim^ 07 fc would define a non-zero 7-invariant 
positive homomorphism ip of K (B) into R such that VKN) > 0)- We choose k > 1 such 
that [7 fc_1 (e)] + [7 fe (e)] < [e] and then choose t>, u> G A/"(C) n e5e such that 

7 fc (e) JL Ad^-^e), 7 fc ~ 1 (e) JL Adu> 7 fc (e), 

and 

7 fc (e) + Adu7 fc_1 (e) = 7 fc ~ 1 (e) + Adw 7 fc (e) = /. 

Then it follows that 



S k S *k-i + ysk-ig*^ + e _ / G AT(C), 

where S = Ue. Hence by multiplying 7 fc_1 (e) G C from the right, we get that S k S* k ~ 1 = 
S , 7 fc_1 (e) belongs to the C*-algebra C*(Af(C)) generated by N{C). For u G Af(C) n eBe 
we have that 7(14) + e — 7(e) G A/"(C) and that r ){u)S r ) k ~ 1 (e)u* = Swy k ~ 1 (e)u* belongs to 



36 



C*(JV(C)). Since eBe is simple, it follows that S G C*(M(C)). Since C*(M(C)) D eBe as 
follows easily, this concludes the proof. □ 



Given flows a and (3, we say that a is an approximate cocycle perturbation of (3 if 
there is a sequence (u n ) of /3-cocycles such that max|t|<i — Ad u n (t)f3 t (x)\\ converges 

to zero as n— >oo for all x G A. If a is an approximate cocycle perturbation of (3, we should 
note that the converse does not follow in general. 

We recall that the above automorphism 7 of B may have the Rohlin property (see 
pHE]). In this case we can show: 

Lemma 5.9 Let A be a unital nuclear simple purely infinite C* '-algebra and C = Ce be a 
Cartan masa of A as in Proposition ^. & Suppose also that the automorphism^ of B has 
the Rohlin property. 

Let a be a Rohlin flow on A and let f3 be a flow on A such that (5 t \C = id. Then (3 is 
an approximate cocycle perturbation of a . 

Proof. Let (B n ) be an increasing sequence of finite-dimensional C*-subalgebras of B such 
that e,7(e) G Bi, the central support of 7(e) in eB^e is e, 7 ±1 (£? n ) C B n+ i, and C is 
generated by C fl B n fl B' n _ x , n = 1, 2, . . ., where B = 0. Let u G JV(C) fl eB n e. We have 
then f3 t (u) = e ttk u for some k = k* G C. Since M(C) fl eB n e generates eB n e, we get that 
f3 fixes eBe and that D(5p) contains the union of eB n e, n = 1, 2, . . .. 

For each n there exists a z n = z* G C such that 8p\eB n e = a.diz n \eB n e. We make a 
bounded perturbation to 5p and pass to a subsequence of (B n ) so that z n G Ce fl eB n+ ie, 
i.e., the C*-subalgebra D n of eB n+ ie generated by eB n e and e(B n+1 fl -B^)e fl C is left 
invariant under (3. Note that ei? n e C D n C ei? n+ ie. 

The domain D(5 a ) may not contain [J n eB n e, but we find a it G 14(A) such that 
-D(5 Q ) D ueB n eu* for all n. Thus by replacing a t by a cocycle perturbation Ad(M*Q t (M))a(, 
we may suppose that D(S a ) D [j n eB n e = [j n D n . 

There exists y n = y* n G A such that 5 a \D n = &diy n \D n . Then it follows that (8 a + 
a.di(z n — y n ))\D n = b~p\D n , which implies that = l3t(x) for x G D n . Thus, for 

any n, by a bounded perturbation on a we can always assume that a = (3 on D n . 

Let S = Ue and define w t = S*j3 t (S), which is an /3-cocycle. We know that w t G C 
and hence that there is a = k* G C such that w t = e** fc . We approximate k by 
fc„ = k* G Ce fl eS n e = Ce fl I? n _i such that ||A; — A; n ||— i>0 as n— >oo. 

Let T be a large constant and n be a large integer such that 1/T f« and T||/c— k n \\ ~ 0. 
Let iV be also a large integer. We suppose that a t (x) — (3 t (x), x G D n+N . 

Let f t = S*a t (S), which is a unitary since a t (SS*) = SS* and forms a a-cocycle. 
Let a; G Ce fl eB n+ ^e = Ce fl D n+ N-i- Then since SrcS'* G Ce fl _B n+ Ar + i C D n+ N, 
we have that arut = 5 , *5 , x5 , *a t (5') = S*a t (SxS* S) = v t x, which implies, in particular, 
that e~ %tkn v t = v t e~ ltkn (as k n G Ce fl -D n -i)- Since a^e"*^") = e~ ltkn , it follows that 
1 1 — > e~ ttkn vt is an a-cocycle. 

Let x G D n+ jv-i- Then since S/3- t (x)S* = Sa^ t (x)S* G D n+N , we have that 
xA(5*)a 4 (5) = A(5*5/3_i(x)5*)a t (5) = A(5*)a t (5)x, i.e., e"^ G in^ +JV _ t . Hence, 
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for x G D n+N -i and t G [0,T], we get that ||[e itkn v t ,x]\\ = \\[e itkn e itk ,x]e itk v t \\ < 
2T||A;-fc n ||||a;||. 

Since a has the Rohlin property and 1 1— > e~ n Vt is an a-cocycle, we obtain a unitary 
it) in such that ||wat(u;*) — e _l * fcn u t || is of the order of \t\/T. Specifically let us 

assume that ||wat(u;*) — e~ ttkn v t \\ < e for t G [—1,1] with e « 1/T. To define such a 
unitary u> we use the path (e~ itkn v t )o<t<T which connects 1 with e~ lTkn VT, along which 
any element of the unit ball of D n+ x_i almost commutes up to the order of T\\k — k n \\, 
which insures that ||[to,x]|| < e'\\x\\ for x G D ti+ n-\ with e' of the order of T\\k — k n \\. 
Since || [w, e~ ttkn \\ < e', we get that 

\\a t (Sw) - Swe itkn \\ = \\Sv t a t (w)e~ itkn w* - S\\ 

is less than e + e' for t G [—1, 1]. From the construction of w, we should also note that w 
is connected to 1 by a path which almost commutes with D„ + jv-i- We may just as well 
assume that w G A R -D^+jv-i with max| t |<! ||o! t (S'w) — Swe lthn || < e + 3e'. 

Since 7 has the Rohlin property and satisfies that 7 ± (.Dfc) C -Dfc+i, we can choose 
a unitary w G A fl (eB 2 e)' such that ||iw — u\(u*)\\ is of order of 1/N and w belongs 
to A R D^, where A is a unital homomorphism of A fl (eB 2 )'e into A fl (eBie)' such 
that A(x)7(e) = SxS*, 1 6 An (eB 2 e)'. (To construct w we use a path of unitaries 
which connects 1 with w\(w)X 2 (u) ■ ■ ■ X M (w) with M m N and lies in the commutant 
of D n . This is why we get u from A fl D' n while w G A fl D re+ jv-i; see, e.g., [7j.) Since 
A(V)SA(V)* = SuA(u)* » Sto, a t (A(«)S'A(«)*) w ,W* fc ", and [e itfc ",A(V)] = 0, we have 
for f = A (it) that 

Kdv*a t Mv(S) « v*Swe itkn v = Su*we ltkn X(u) « Se*' fc " « 

Moreover we have that for x G -D n -i 

Adw*a t Adf (x) = «t(x) = f3 t (x). 

This concludes the proof. □ 

When a is a flow on A, 5 a is the generator of a, and C is a C*-subalgebra of A, we 
say that a is C 1+e if -D(5 a ) D C and 

sup || (at -id)5 a (x)|| 

xec, ||x||<i 

converges to as t— >0. 

We recall the following result from [Tj\: If A is a unital separable nuclear purely 
infinite simple C*-algebra, and if each of two Rohlin flows on A is an approximate cocycle 
perturbation of the other, then they are cocycle conjugate with each other. By 15.11 and 
15.91 we obtain: 
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Corollary 5.10 Let A be a unital separable nuclear simple purely infinite C" -algebra and 
C = Ce be a Cartan masa of A as in Proposition^^ Suppose also that 7 has the Rohlin 
property. 

Let a and (3 be Rohlin flows on A such that both a and (3 are C 1+e on C. Then a and 
(3 are cocycle- conjugate. 

Proof. By 15.11 we may suppose that a\C = id = (3\C by inner perturbation. Then by 
15.91 a is a cocycle perturbation of (3 and vice versa. By using the result of [T7j quoted 
above, we get the conclusion. □ 

Let /C denote the C*-algebra of compact operators on an infinite-dimensional separable 
Hilbert space and let K — K + CI. We fix a minimal projection p in /C. For a bounded 
interval I of Z we define K(I) = and JC(I) = (g) 7 /C C K{I). When I = [a,b], we 

embed K,([a, b}) into JC([a, b + 1}) by x 1— > x®l and JC([a, b}) into K,([a — 1, b}) by x 1— > p®x. 
Let B denote the inductive limit of the system (K.(I))i with these embeddings and let 
B be the C*-subalgebra of B generated by (/C (/))/. Let a denote the automorphism of 
B induced by the shift on Z to right; in particular 1 G /C({0}) maps into p G JC({0}). 
We will denote by e G B the projection corresponding to 1 G /C({0}) or equivalently to 

pe£({-l}). 

We note that <r leaves S invariant and e E B. 

Note that S is an AF algebra. It is known [U] that the crossed product B x a Z is 
isomorphic to /C ® and that e(B x CT Z)e = O^. 

Let (e i: ,)^ =1 be a family of matrix units in /C such that e^i = p and /C is the closed 
linear span of (%). Let C be the abelian C*-subalgebra of K generated by those e^j's and 
1. It follows that C is a regular masa of /C. 

Let Coo be the C*-subalgebra generated by JC(I) fl <S)/C with all bounded intervals 
/. It follows that e G and and that is a regular masa of B and is left invariant 
under a. Let £7 denote the unitary multiplier of B x a Z which implements a. We let 
S = Ue G e(£> x CT Z)e, which is an isometry. For each x G JC({0}) we denote by the same 
symbol x the corresponding element in B. 

Under the isomorphism e(B x CT Z)e = 0^ which sends efeiS 1 onto sjt, eCoo is the abelian 
C*-subalgebra generated by sis}, I G N*, where N* is the set of finite sequences in 
N. It is immediate that is a weak Cartan masa of Ooo. 

Hence Corollary 15.61 is applicable to the pair A — Ooo and Coo — cCoo- Since B is 
not simple and a does not have the Rohlin property, we cannot apply Lemma f5. 91 to this 
pair (Ooo, Coo). (We have used that B is simple at the beginning of the proof, but this 
is required to define the unital partial endomorphism A of eBe out of 7, whose Rohlin 
property we would need.) But we can use instead the fact that any unital endomorphism 
of Coo is approximately inner j2H], in the proof of 15.91 

More precisely we define a unital endomorphism (ft of Ooq by <p(sk) = SkW, or <j>(ekiS) = 
ekiSw, for k — 1, 2, . . ., where w is the unitary described in the proof of 15.91 in particular 
w G 00 r\D' n+N _ 1 . Note that 0(e i:? -) = 4>(siS*) = Siww*s* = SiS* = e^. For e iujl 0e i2 j 2 G 
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/C([0, 1]), if ei 2t j 2 commutes with w, we have that 

<K e n,jl ® e «2,j2) = < / , ( S «l' S i2' S j2' S jl) = S h We i2,j2 W * S *j 1 = e h,jl ® e «2,j2- 

In this way, we can show that if = X/f=i e# is a projection in /C such that w is in the 
commutant of D{k) = Ce+e/ c /Cefc + e/ c /Cefc®efc/Cefc + - ■ - + ek1Cek®ek1Cek®- ■ -®efc/Cefc + 1 
terms), then (f>\D(k) = id. Hence we can find a unitary v G such that fSV ~ Sty 
and fxf* ~ x for x G -D(&). Since [J fc .D(£;) is dense in eBe, this leads us to the same 
conclusion of 15.91 

Thus we have proved Corollary 11.31 just as 15.101 Since there are quite a few Rohlin 
flows on Ooo which are trivial on C^, this result is certainly non-void. 

We can define a Cartan masa C n of O n in the same way as Coo. Since Corollary 15.101 
is applicable to the pair (O n ,C n ), let us state: 

Corollary 5.11 Let n — 2,3, ... or n = oo and let C n C O n be as above. Then there 
are Rohlin flows which are C 1+e on C n and any two Rohlin flows of this type are cocycle 
conjugate with each other. 

Let A G (0, 1) and let G\ be the subgroup of R generated by A n , nfZ. Then G\, as 
an ordered subgroup of R, is a simple dimension group and there is a stable simple AF 
algebra B\ such that K (B\) = G\. Let 7 be an automorphism of B\ such that 7 induces 
the multiplication by A on K (B\) = G\. We may suppose that 7 leaves a canonical AF 
masa C of B\ invariant. By [7] 7 has the Rohlin property and by the crossed product 
B\ x 7 Z is purely infinite and simple. (We can get more examples of this kind from 

If {/ G Z[t] I /(A) = 0} = p(t)Z[t] for some non-zero p(t) G Z[t], then A x = B x x 7 Z 
is isomorphic to n (8> /C where n = |p(l)| + 1; otherwise A\ is isomorphic to Ooo ® /C. By 
cutting off A x by a projection e G C with [e] a generator of K (A\), we get a Cartan masa 
C = Ce in eA^e which is isomorphic to O n with n depending on A as above. Thus there 
are many ways to construct a Cartan masa of O n as in 15.81 but we do not know whether 
we can get a new Cartan masa (in case n < 00), which is not obtained as an image of 
the above C n by an automorphism, and if we can, whether we have a Rohlin flow which 
is trivial on this Cartan masa. 
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